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DEDICATED TO THE MEMORY OF JULIUS WESS 

Abstract 

We review the general theory of duahty rotations which, in four dimensions, 
exchange electric with magnetic fields. Necessary and sufficient conditions in order 
for a theory to have duality symmetry are established. A nontrivial example is 
Born-Infeld theory with n abelian gauge fields and with Sp{2n,M.) self-duality. 
We then review duahty symmetry in supergravity theories. In the case of A = 2 
supergravity duality rotations are in general not a symmetry of the theory but a 
key ingredient in order to formulate the theory itself. This is due to the beautiful 
relation between the geometry of special Kahler manifolds and duahty rotations. 
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1 Introduction 

It has long been known that the free Maxwell's equations are invariant under the ro- 
tation of the electric field into the magnetic fields; this is also the case if electric and 
magnetic charges are present. In 1935, Schrodinger [2] showed that the nonlinear elec- 
trodynamics of Born and Infeld [1], (then proposed as a new fundamental theory of 
the electromagnetic field and presently relevant in describing the low energy effective 
action of D-branes in open string theory), has also, quite remarkably, this property. Ex- 
tended supergravity theories too, as first pointed out in [3, 5] exhibit electric-magnetic 
duality symmetry. Duality symmetry thus encompasses photons self-interactions, grav- 
ity interactions and couplings to spinors (of the magnetic moment type, not minimal 
couplings) . 

Shortly after [3-5] the general theory of duality invariance with abelian gauge fields 
coupled to fermionic and bosonic matter was developped in [6,7]. Since then the duality 
symmetry of extended supergravity theories has been extensively investigated [8-11], 
and examples of Born-Infeld type lagrangians with electric-magnetic duality have been 
presented, in the case of one abelian gauge field [12-16] and in the case of many abelian 
gauge fields [17-20]. Their supersymmetric generalizations have been considered in [21, 
22] and with different scalar couplings and noncompact duality group in [17,18,23-25]. 

We also mention that duality symmetry can be generalized to arbitrary even dimen- 
sions by using antisymmetric tensor fields such that the rank of their field strengths 
equals half the dimension of space-time, see [26,27], and [11,16,18,24,25,28,30,31]. 

We provide a rigorous formulation of the general theory of four-dimensional electric- 
magnetc duality in lagrangian field theories where many abelian vector fields are coupled 
to scalars, fermions and to gravity. When the scalar fields lagrangian is described by a 
non-linear sigma model with a symmetric space G/H where G is noncompact and H 
is its maximal compact subgroup, the coupling of the scalars with the vector fields is 
uniquely determined by a symplectic representation of G (i.e. where the representation 



space is equipped with an invariant antisymmetric product). Moreover fermions coupled 
to the sigma model, which lie in representations of H , must also be coupled to vectors 
through particular Pauli terms as implied by electric-magnetic duality. 

This formalism is realized in an elegant way in extended supergravity theories in 
four dimensions and can be generalized to dyons [32] in D-dimensions, which exist when 
D is even and the dyon is a p-brane with p = D/2 — 2. In the context of superstring 
theory or M theory electric-magnetic dualities can arise from many sources, namely 
^'-duality, T-duality or a combination thereof called ?7-duality [29]. From the point of 
view of a four dimensional observer such dualities manifest as some global symmetries of 
the lowest order Euler-Lagrange equations of the underlying four dimensional effective 
theory. 

The study of the relations between the symmetries of higher dimensional theories 
and their realization in four dimension is rich and fruitful, and duality rotations are an 
essential ingredient. Seemingly different lagrangians with different elementary dynami- 
cal fields can be shown to describe equivalent equation of motions by using duality. An 
interesting example is provided by the N = 8, D = 4 supergravity lagrangian whose 
duality group is G = -^7,(7), this is the formulation of Cremmer and Julia [5]. An al- 
ternative formulation obtained from dimensional reduction of the D = 5 supergravity, 
exhibits an action that is invariant under a different group of symmetries. These two 
theories can be related only after a proper duality rotation of electric and magentic 
fields which involves a suitable Legendre transformation (a duality rotation that is not 
a symmetry transformation). 

Let us also recall that duality rotation symmetries can be further enhanced to lo- 
cal symmetries (gauging of duality groups). The corresponding gauged supergravities 
appear as string compactifications in the presence of fluxes and as generalized compact- 
ifications of (ungauged) higher dimensional supergravities. 

As a main example consider again the N = 8, D = A supergravity lagrangian of 
Cremmer and Julia, it is invariant under 5*0(8) (compact subgroup of £^7(7)). The 
gauging of 5*0(8) corresponds to the gauged A^ = 8 supergravity of De Witt and Nicolai 
[33]. As shown in [34] the gauging of a different subgroup, that is the natural choice in 
the equivalent formulation of the theory obtained from dimensional reduction oi D = 5 
supergravity, corresponds to the gauging of a fiat group in the sense of Scherk and 
Schwarz dimensional reduction [35], and gives the massive deformation of the A^ = 8 
supergravity as obtained by Cremmer, Scherk and Schwarz [36]. 

Electric-Magnetic duality is also the underlying symmetry which encompasses the 
physics of extremal black holes and of the "attractor mechanism" [37-39], for recent 
reviews on the attractor mechanism see [40-42] . Here the Bekenstein-Hawking entropy- 
area formula 



is directly derived by the evaluation of a certain black hole potential "^/^ at its attractive 
critical points [43] 

S = TT Ybh I ^ 

where the critical points C satisfy di^nlc = 0. The potential 'fsn is a quadratic 
invariant of the duality group; it depends on both the matter and the gauge fields 
configuration. In all extended supersymmetries with N > 2, the entropy S can also 
be computed via a certain duality invariant combination of the magnetic and electric 
charges p, q of the fields configuration [44,45] 

S = 7r.yip,q). 



In the remaining part of this introduction we present the structure of the paper by 
summarizing its different sections. 

In Section 2 we give a pedagogical introduction to f/(l) duality rotations in nonlinear 
theories of electromagnetism. The basic aspects of duality symmetry are already present 
in this simple case with just one abelian gauge field: the hamiltonian is invariant (du- 
ality rotations are canonical transformations that commute with the hamiltonian); the 
lagrangian is not invariant but must transform in a well defined way. The Born-Infeld 
theory is the main example of duality invariant nonlinear theory. 

In Section 3 the general theory is formulated with many abelian gauge fields inter- 
acting with bosonic and fermionic matter. Necessary and for the first time sufficient 
conditions in order for a theory to have duality symmetry are established. The maximal 
symmetry group in a theory with n abelian gauge fields includes Sp{2n, R). If there are 
no scalar fields the maximal symmetry group is U{n). The geometry of the symmetry 
transformations on the scalar fields is that of the coset space Sp{2n^M)/U{n) that we 
study in detail. The kinetic term for the scalar fields is constructed by using this coset 
space geometry. In Subsection 3.6 we present the Born-Infeld lagrangian with n abelian 
gauge fields and Sp{2n^M) duality symmetry [18]. The self-duality of this lagrangian is 
proven by studying another example: the Born-Infeld lagrangian with n complex gauge 
fields and f/(n, n) duality symmetry. Here f/(n, n) is the group of holomorphic duality 
rotations. We briefiy develop the theory of holomorphic duality rotations. 

The Born-Infeld lagrangian with ?7(n, n) self-duality is per se interesting, the scalar 

fields span the coset space ^faw'c/L) ' ^^ ^^^ '^^^^ n = 3 this is the coset space of the 
scalars of iV = 3 supergravity with 3 vector multiplets. This Born-Infeld lagrangian is 
then a natural candidate for the nonlinear generalization of A^ = 3 supergravity. 

We close this sections by presenting, in a formulation with auxiliary fields, the su- 
persymmetric version of this Born-Infeld Lagrangian [17, 18]. We also present the form 
without auxiliary fields of the supersymmetric Born-Infeld Lagrangian with a single 



gauge field and a scalar field; this theory is invariant under SL{2, M) duality, which 
reduces to U{1) duality if the value of the scalar field is suitably fixed. Versions of this 
theory without the scalar field were presented in [46-48]. 

In Section 4 we apply the general theory of duality rotation to supergravity theories 
with N > 2 supersymmetries. In these supersymmetric theories the duality group is 
always a subgroup G of Sp{2n,M.), where G is the isometry group of the sigma model 
G/H of the scalar fields. Much of the geometry underlying these theories is in the (local) 
embedding of G in Sp{2n,M.). The supersymmetry transformation rules, the structure 
of the central and matter charges and the duality invariants associated to the entropy 
and the potential of extremal black holes configurations are all expressed in terms of 
the embedding of G in Sp{2n,M.) [11]. We thus present a unifying formalims. We also 
explicitly construct the symplectic bundles (vector bundles with a symplectic product 
on the fibers) associated to these theories, and prove that they are topologically trivial; 
this is no more the case for generic N = 2 supergravities. 

In Section 5 we introduce special Kahler geometry as studied in differential geometry, 
we follow in particular the work of Freed [49], see also [50] (and [51]) and then develop the 
mathematical definition up to the construction of those explicit fiat symplectic sections 
used in iV = 2 supergravity. We thus see for example that the fiat symplectic bundle 
of a rigid special Kahler manifold M is just the tangent bundle TM with symplectic 
product given by the Kahler form. A similar construction applies in the case of local 
special geometry (there the fiat tangent bundle is not of the Kahler manifold M but 
is essentially the tangent bundle of a complex line bundle L — > M). This clarifies the 
global aspects of special geometry and the key role played by duality rotations in the 
formulation of iV = 2 supergravity with scalar fields taking value in the target space M. 
Duality rotations are needed for the theory to be globally well defined. 

In Section 6 duality rotations in nonlinear electromagnetism are considered on a 
noncommutative spacetime, [x^,x''] = iQ'^". The noncommutativity tensor Q'^'^ must 
be light-like. A nontrivial example of nonlinear electrodynamics on commutative space- 
time is presented and using Seiberg-Witten map between commutative and noncommu- 
tative gauge theories noncommutative f/(l) Yang Mills theory is shown to have duality 
symmetry. This theory formally is nonabelian, F^^, = d^A^ — d^A^ — i[A^,AJ\^ its 
self-duality is in this respect remarkable. One can also enhance the duality group to 
Sp{2,M) and couple this noncommutative theory to axion, dilaton and Higgs fields, 
these latter via minimal couplings. Duality in noncommutative spacetime allows to 
relate space-noncommutative magnetic monopoles to space-noncommutative electric 
monopoles [52,53]. 

A special kind of noncommutative spacetime is a lattice space (it can be studied 
with noncommutative geometry techniques). Duality rotations on a lattice have been 



studied in [54]. 

In Appendix 7 we prove some fundamental properties of the symplectic group Sp{2n, R) 
and of the coset space Sp{2n, M.)/U{n). We also collect for reference some main formulae 
and definitions. 

In Appendix 8 a symmetry property of the trace of a solution of a polynomial matrix 
equation is proven. This allows the explicit formulation of the Born-Infeld lagrangian 
with Sp{2n,M.) duality symmetry presented in Section 3.7. 

2 ^(1) gauge theory and duality symmetry 

Maxwell theory is the prototype of electric-magnetic duality invariant theories. In vac- 
uum the equations of motion are 

d^F'^" = , 

d^F^^" = , (2.1) 

where F^*^ = ^e^'^^'^Fp^. They are invariant under rotations (|) i— >■ (g™" ~cosa){p)y o^ 
using vector notation under rotations (^) \-^ {liia ~cosa){B)- This rotational symmetry, 
called duality symmetry, and also duality invariance or self-duality, is reflected in the 
invariance of the hamiltonian 7Y = |(-E'^ -l- -B^), notice however that the lagrangian 
C = |(-E^ — B'^) is not invariant. This symmetry is not an internal symmetry because 
it rotates a tensor into a pseudotensor. 

We study this symmetry for more general electromagnetic theories. In this section 
and the next one conditions on the lagrangians of (nonlinear) elecromagnetic theories 
will be found that guarantee the duality symmetry (self-duality) of the equations of 
motion. 

The key mathematical point that allows to establish criteria for self-duality, thus 
avoiding the explicit check of the symmetry at the level of the equation of motions, 
is that the equations of motion (a system of PDEs) can be conveniently split in a set 
of equations that is of degree (no derivatives on the field strengths F), the so-called 
constitutive relations (see e.g. 02. 5p . or (12. 8p ). and another set of degree 1 (see e.g. 
(12.21) . (12. 3p or (12.91) . (12.101) ). Duality rotations act as an obvious symmetry of the set 
of equations of degree 1, so all what is left is to check that they act as a symmetry 
on the set of equations of degree 0. It is therefore plausible that this check can be 
equivalently formulated as a specific transformation property of the lagrangian under 
duality rotations (and independent from the spacetime dependence F^^{x) of the fields), 
indeed both the lagrangian and the equations of motions of degree are functions of 
the field strength F and not of its derivatives. 

6 



2.1 Duality symmetry in nonlinear electromagnetism 

Maxwell equations read 

dtB = -V X E , V ■ B = (2.2) 

dtD = Vx H , V-D = (2.3) 

they are complemented by the relations between the electric field E, the magnetic field 
H, the electric displacement D and the magnetic induction B. In vacuum we have 

D = E , H = B . (2.4) 

In a nonlinear theory we still have the equations (12.21) . (12. 3p . but the relations D = 
E, H = B are replaced by the nonlinear constitutive relations 

D = D{E,B) , H = H{E,B) (2.5) 

(if we consider a material medium with electric and magnetic properties then these 
equations are the constitutive relations of the material, and (12.21) and (12.31) are the 
macroscopic Maxwell equations). 

Equations (12.21) , (12.31) , (12.41) are invariant under the group of general linear transfor- 
mations 

B'\ f A B\ f B\ fE'\ f A B\ f E\ ,^^, 

(2.6) 



D' ) \C D ) \D ) ' \H' J \C D J \H 

We study under which conditions also the nonlinear constitutive relations (12.51) are 
invariant. We find constraints on the relations (12.51) as well as on the transformations 

(ESD. 

We are interested in nonlinear theories that admit a lagrangian formulation so that 
relativistic covariance of the equations (12. 2p , (12. 3p , (12. 5p and their inner consistency is 
automatically ensured. This requirement is fulfilled if the constitutive relations (12.51) 

are of the form 

dC{E,B) dC{E,B) 

^= dE ' ^ = OB— ' ^^-^^ 

where C{E, B) is a Poincare invariant function of E and B. Indeed if we consider E 
and B depending on a gauge potential A^ and vary the lagrangian C{E, B) with respect 
to A^, we recover (12. 2p . (12. 3p and (12. 7p . This property is most easily shown by using 
four component notation. We group the constitutive relations (12.70 in the constitutive 
relatioiill 

G^" = 2^^ ; (2.8) 



a practical convention is to define qj/" = S^^S";^ rather than gp" ~ S'^S'^ — 5p5^ . This explains the 
factor 2 in 



we also define G^^ = -^e^^p^G^'^, so that G'"' = le^'^P^Gp^ (e^^^s ^ _^^_^^^ ^ ^^^ jf 
we consider the field strength F^^ as a function of a (locally defined) gauge potential 
A^, then equations ( 12.21) and (12.31) are respectively the Bianchi identities for F^u = 
dfj_Ay — dyAfj, and the equations of motion for £(F(A)), 

d^F^"" = , (2.9) 

d^G^"" = . (2.10) 

In our treatment of duality rotations we study the symmetries of the equations (12.91) . 
(I2.10p and (12.81) . The lagrangian C{F) is always a function of the field strength F; it is 
not seen as a function of the gauge potential A^; accordingly the Bianchi identities for 
F are considered part of the equations of motions for F. 

Finally we consider an action S = JCd'^x with lagrangian density C = C{F) that 
depends on F but not on its partial derivatives; it also depends on a spacetime metric 
g^u that we generally omit writing explicitlja, and on at least one dimensionful constant 
in order to allow for nonlinearity in the constitutive relations (12. 8p (i.e. (12.51) ). We set 
this dimensionful constant to 1. 

The duality rotations (12.61) read 

F'\ f A B\ f F 



G' J \C D ) \G ^ ■ ^'^'^^^ 

Since by construction equations (12. 9p and (I2.10p are invariant under (12. lip , these duality 
rotations are a symmetry of the system of equations (12. 9p . (I2.10p . (12. Sp (or (12. 2p . (I2.3p . 
(12. 5p ). iff on shell the constitutive relations are invariant in form, i.e., iff the functional 
dependence of G' from F' is the same as that of G from F, i.e. iff 

G'"' = 2^^ , (2.12) 

where F' and G' are given in (12. lip . This is the condition that constrains the la- 
grangian C{F) and the rotation parameters in (12. lip . This condition has to hold on 
shell of (I2.8p - (l2.10p : however (I2.12p is not a differential equation and therefore has to 
hold just using (12. Sp . i.e., off shell of (12. 9p and (I2.10p (indeed if it holds for constant 
field strengths F then it holds for any F). 



■^Notice that ()2.9p . (|2.10|1 are also the equation of motions in the presence of a nontrivial met- 
ric. Indeed S = JCd'^x — jL^/gd'^x. The equation of motions are d^{^ F* ^^'^) — d^F'^'^ = 
J diii^/gG*^^'') = d^G'^" = , where the Hodge dual of a two form fi^,, is defined by fJ*^ = 



2 
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In order to study the duality symmetry condition (12.121) let (^ £) = (J ?)+e(" ^)+. . ., 
and consider infinitesimal GL[2, M) rotations G —>■ G + eAG, F —>■ F + eAF, 

so that the duality condition reads 

The right hand side simplifies tqj 

dC{F + AF) dC{F + AF) OF 



d{F+AF) OF d{F+AF} 

_ dCjF + AF) dCjF) djAF) 
~ dF dF dF~ 

then, using flTnj) and (I2ISD, condition fl^Jij) reads 

cF + dG = 2^'^<^ + ^P - ^'^)' - 2.gg£l - .Cf . (2.15) 

In order to further simplify this expression we write 2F = -^FF and we factorize out 
the partial derivative ^. We thus arrive at the equivalent condition 

£(F + AF) - C{F) - jFF - ^GG = (a + d){C{F) - Cf=o) ■ (2.16) 

The constant term (a + d)CF=o, nonvanishing for example in D-brane lagrangians, is 
obtained by observing that when F = also G = 0. 

Next use £(F + AF) - /:(F) = ^|^AF = ^aFG + ^bGG in order to rewrite 
expression (12.161) as 

^GG - ^FF = {a + d){C{F) - Cf=o) - ^FG . (2.17) 

If we require the nonlinear lagrangian C{F) to reduce to the usual Maxwell lagrangian 
in the weak field limit, F^ « F^, i.e., C{F) = Cp^ - 1/AjFFd'^x + 0{F^), then 

G = —F + 0{F^), and we obtain the constraint (recall that G = —G) 

b = —c , a = d , 



^here and in the following we suppress the spacetime indices so that for example FG — F^j^G^'^; 
notice that FG = FG, F = -F, and FG = -FG where FG = F^'^G^^. 

9 



the duality group can be at most SO (2) rotations times dilatations. Condition fl2.17p 
becomes 

1[gG + Ff) = 2a{c{F)-CF=,-\F^) . (2.18) 

The vanishing of the right hand side holds only if either C{F) — Cf=o is quadratic 
in F (usual electromagnetism) or a = 0. We are interested in nonlinear theories; by 
definition in a nonlinear theory C{F) is not quadratic in F. This shows that dilatations 
alone cannot be a duahty symmetry. If we require the duality group to contain at least 
5*0(2) rotations then 

GG + FF = 0, (2.19) 

and 5*0(2) is the maximal duality group. Relation 02.18P is nontrivially satisfied iff 

a = d = , 
and ^nm hold. 

In conclusion equation (I2.19P is a necessary and sufficient condition for a nonlinear 
electromagnetic theory to be symmetric under 50(2) duality rotations, and 50(2) C 
GL(2,M) is the maximal connected Lie group of duality rotations of pure nonlinear 
electromagnetisno. 

This conclusion still holds if we consider a nonlinear lagrangian C{F) that in the 
weak field limit F"^ « F"^ (up to an overall normalization factor) reduces to the most 
general linear lagrangian 

C{F) = Cf^ - -^FF + -^OFF + O(F^) . 

In this case G = F + 9F + 0{F^). We substitute in (12.170 and obtain the two conditions 
(the coefficients of the scalar F"^ and of the speudoscalar FF have to vanish separately) 

c=-b{l + e^) , d-a = 2eb. (2.20) 

The most general infinitesimal duality transformation is therefore 



This symnietry cannot even extend to 0{2) because already in the case of usual electromagnetism 
the finite rotation ("q^ °) does not satisfy the duality condition (|2.12p . It is instructive to see the 
obstruction at the hamiltonian level. The hamitonian itself is invariant under D ^ D, B —^ — _B, but 
this transformation is not a canonical transformation: the Poisson bracket (|2.33p is not invariant. 

10 



where © = I /i i )• We have dilatations and 5*0(2) rotations, they act on the vector 

F\ 

„ 1 via the conjugate representation given by the matrix G. Let's now remove the 

weak field limit assumtion F^ « F"^. We proceed as before. /^From (12.121) (or from 
(I2.17P ) we immediately obtain that dilatations alone are not a duality symmetry of the 
nonlinear equations of motion. Then if 5*0(2) rotations are a duality symmetry we have 
that they are the maximal duality symmetry group. This happens if 

GO + (1 + efFF = 2eFG . (2.22) 



Finally we note that the necessary and sufficient conditions for 5*0(2) duality rota- 
tions (12.221) (or (12.191) ) can be equivalently expressed as invariance of 

C{F) - ^FG . (2.23) 

Proof: the variation of expression (12.231) under F —>■ F + AF is given by C{F + AF) — 
C{F) - iAFO - jFAG . Use of (1^3^ with a + d = {no dilatation) shows that this 
variation vanishes. 

2.2 Legendre Transformations 

In the literature on gauge theories of abelian p-form potentials, the term duality transfor- 
mation denotes a different transformation from the one we have introduced, a Legendre 
transformation, that is not a symmetry transformation. In this section we relate these 
two different notions, see [15] for further applications and examples. 

Consider a theory of nonlinear electrodynamics {p = 1) with lagrangian C{F). The 
equations of motion and the Bianchi identity for F can be derived from the Lagrangian 
C{F, Fd) defined by 

£(F, Fd) = C{F) -^FFu, Fd'^^ = d^A^'' - d'^Aj,'' , (2.24) 

where F is now an unconstrained antisymmetric tensor field, A^ a Lagrange multiplier 
field and Fd its electromagnetic field. [Hint: varying with respect to Ad gives the 
Bianchi identity for F, varying with respect to F gives G'^" = Fd'^" that is equivalent 
to the initial equations of motion d^G'^" = because Fd'^" = d'^Aj)^ — d'^Ai)'^ (Poincare 
lemma)]. 

Given the lagrangian (12.241) one can also first consider the equation of motion for F, 

0(F) = Fd , (2.25) 

11 



that is solved by expressing F as a function of the dual field strength, F = F(Fd). Then 
inserting this solution into C{F, F^), one gets the dual model 

C^iFj,) = C{F{Fj,)) - 1f(Fd) • Fd . (2.26) 

Solutions of the fl2.26p equations of motion are, tothether with f l2.25p . solutions of the 
fl2.24p equations of motion. Therefore solutions to the fl2.26p equations of motion are 
via fl2.25p in 1-1 correspondence with solutions of the C{F) equations of motion. 

One can always perform a Legendre transformation and describe the physical system 
with the new dynamical variables Ad and the new lagrangian Cd rather than A and C 

The relation with the duality rotation symmetry (self-duality) of the previous section 
is that if the system admits duality rotations then the solution Fd of the £d equations 
of motion is also a solution of the C equations of motion, we have a symmetry because 
the dual field Fd is a solution of the original system. This is the case because for any 
solution £ of the self-duality equation, its Legendre transform £d satisfies: 

£d{F) = C{F) . (2.27) 

This follows from considering a finite S0{2) duality rotation with angle 7r/2. Then 
F -^ F' = G{F) = Fd, and invariance of (^M>, i.e. CiF') - \F'G' = C{F) - ^FG , 
implies Cd{Fd) = ^(Fd), i.e., (I22ID- 

In summary, a Legendre transformation is a duality rotation only if the symmetry 
condition (12.80 is met. If the self-duality condition (12. 8p does not hold, a Legendre 
transformation leads to a dual formulation of the theory in terms of a dual Lagrangian 
Cd, not to a symmetry of the theory. 

2.3 Hamiltonian theory 

The symmetric energy monentum tensor of a nonlinear theory of electromagnetism (ob- 
tained via Belinfante procedure or by varying with respect to the metric) is given bjo 

Tt = G^^F.A + 5^,/: . (2.28) 

The equations of motion (I2.10p and (12. 9p imply its conservation, 9^T'^ = 0. Invariance 
of the energy momentum tensor under duality rotations is easily proven by observing 
that for a generic antisymmetric tensor F^^, 

F^^F.A = -^d^pP'^Fp^ , (2.29) 



^symmetry of T^" follows immediately by observing that the tensor structure of G'^" implies G^'' = 
fsiF)F^"' + fp{F)F^"' with scalars fs{F) and fp{F) depending on F, the metric r/ = diag{-l, 1, 1, 1) 
and the completely antisymmetric tensor density ep,i,pa ■ (Actually, if the lagrangian is parity even, /g 
is a scalar function while fp is a pseudoscalar function). 
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and then by recalling the duality symmetry condition fl2.19p . 
In particular the hamiltonian 

n = T^° = D-E- C (2.30) 

of a theory that has duality rotation symmetry is invariant. 

In the hamiltonian formalism duality rotations are canonical transformations, since 
they leave the hamiltonian invariant they are usual symmetry transformations. We 
briefly describe the hamiltonian formalism of (nonlinear) electromagnetism by avoiding 
to introduce the vector potential A^; this is appropriate since duality rotations are 
formulated independently from the notion of vector potential. Maxwell equations (12.21) . 
(12.31) and the expression of the hamiltonian suggest to consider B and D as the analogue 
of canonical coordinates and momenta q and p, while E, that enters the lagrangian 
togheter with B, is the analogue of q. 

Recalling the constitutive relations in the lagrangian form (12.71) we obtain that the 
hamiltonian 7i = 7i{D,B) is just given by the Legendre transformation (I2.30p . More- 
over H = ^ and E = |^. The equations of motion are 

dtB = -Vx^, (2.31) 

dtD = Vx^ . (2.32) 

The remaning equations V--B = 0, V ■ D = are constraints that imposed at a 
given time are satisfied at any other time. The Poisson bracket between two arbitrary 
functionals U, V of the canonical variables is 

in particular the only nonvanishing parenthesis between the canonical variables B and 
D are {B'{r), D^{r')} = e'^''dkd^{r - r'). The equations of motion (123T1) and (12:321) 
assume then the canonical form dtB = —{B, H} , dtD = {D, H} where H = j TicPr 
is the hamiltonian [Ti being the hamiltonian density). We see that H as usual is the 
generator of time evolution. The consitency and the hidden Poincare invariance of the 
present formalism is proven in [55]. 

In the canonical formalism the generator of duality rotations is the following nonlocal 
integral [57], [56] 

A = ^ / / gr(VxC.) + B..(VxB,) ^^^^^^^ 

8ti J J \ri -rsl 
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where the subscripts indicate that the fields are taken at the points ri and r2. We have 
{D,A} = B and {B,A} = -D . 

Finally we remark that it is straighforward to establish duality symmetry in the 
hamiltonian formalism. Indeed there are three independent scalar combinations of the 
canonical fields B and D, they can be taken to be: D^+B^, D^—B^ and (DxB)'^. The 
last two scalars are duality invariant and therefore any hamiltonian that depends just on 
them leads to a theory with duality symmetry. The nontrivial problem in this approach 
in now to constrain the hamiltonian so that the theory is Lorentz invariant [58], [57]. 
The condition is again (l2A9ll i.e., D H = E B. 



2.4 Born-Infeld lagrangian 

A notable example of a lagrangian whose equations of motion are invariant under duality 
rotations is given by the Born-Infeld one [1] 



£bi = 1 - V-detiri + F) (2.35) 



l-^/l + iF2-l(FF)2 (2.36) 



= I- ^1- E^ + B^ -{E-B)^ . (2.37) 

In the second line we have simply expanded the 4x4 determinant and espressed the 
lagrangian in terms of the only two independent Lorentz invariants associated to the 
electromagnetic field: F^ = F^^F''^ , FF = F^^F'"'. 
The explicit expression of G is 

G,. = _Z^^±l£££^^= , (2.38) 

'i + lF^-UFFy 

and the duality condition (I2.19P is readily seen to hold. The hamiltonian is 



nBi = \/l + D' + B' + {DxB)^ -1 . (2.39) 

Notice that while the E and B variables are constrained by the reality of the square 
root in the lagrangian, the hamiltonian variables D, B are unconstrained. By using the 
equations of motion and (I2.19P it can be explicitly verified that the generator of duality 
rotations is time independent, {A, H} = 0. 
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2.5 Extended duality rotations 

The duality symmetry of the equations of motion of nonhnear electromagnetism can be 
extended to SL{2,M.). We observe that the definition of duahty symmetry we used can 
be relaxed by allowing the F dependence of G to change by a linear term: G = 2|^ and 
G = 2^ + 'dF togheter with the Bianchi identities for F give equivalent equations of 
motions for F. Therefore the transformation 

F'\ /'10\/F, 



G' J \d I) \G 

is a symmetry of any nonlinear electromagnetism. It corresponds to the lagrangian 
change C ^ C + \'dFF. This symmetry alone does not act on F, but it is useful if 
the nonlinear theory has SO {2) duality symmetry. In this case (12.401) extends duality 
symmetry from 50(2) to S'L(2,M) (i.e. S'p(2,M)). Notice however that the S'L(2,M) 
transformed solution, contrary to the 5*0(2) one, has a different energy and energy 
momentum tensor (recall (12.281) ). On the other hand, as we show in Section [331 if the 
constant d is promoted to a dynamical field we have invariance of the energy momentum 
tensor under SL{2, M) duality. 



3 General theory of duality rotations 

We study in full generality the conditions in order to have theories with duality rotation 
symmetry. By properly introducing scalar fields (sigma model on coset space) we en- 
hance theories with a compact duality group to theories with an extended noncompact 
duality group. A Born-Infeld lagrangian with n abelian field strengths and U{n) duality 
group (or Sp{2n, M) in the presence of scalars) is constructed. 



3.1 General nonlinear theory 

We consider a theory of n abelian gauge fields possibly coupled to other bosonic and 

fermionic fields that we denote ip"", (a = l,...p). We assume that the U{1) gauge 

potentials enter the action S = S[F, ip] only trough the field strengths F^^, (A = 1, . . . , n), 

and that the action does not depend on partial derivatives of the field strengths. Define 
/yMI' _ o dc ■ „ 

or = 2^1^^ ; (3.1) 



6F^ 
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then the Bianchi identities and the equations of motions for S[F, ip] are 

g^pA^. = , (3.2) 

d.G/'' = , (3.3) 

^^ ^ . (3.4) 

The field theory is described by the system of equations (13. II) - (13. 4p . Consider the duahty 
transformations 

P\ IAB\(F\ p^^j 



G ) \C D ) \G 

^"^ = 2"(¥^) (3.6) 

where (^ ;^) is a generic constant L(2?2, R) matrix and the </)" fields transformation in 
full detail reads ip'" = S"(y9, (^ ^)), with no partial derivative of ip appearing in S". 

These duality rotations are a symmetry of the system of equations (l3.1l) -( !3^ iff, 
given F, G, and ip solution of (I3.1l) -( l3^ then F', G' and ip', that by construction satisfy 
g^P'Af^u ^ Q g^^^ 5^G"/^ = 0, satisfy also 

r^'i^u _ JS[F',ip'] 

flU 

We study these on shell conditions in the case of infinitesimal GL{2n,M) rotations 
F^F' = F + AF , G^G' = G + AG , 

A^- = Civ) ■ (3.10) 

The right hand side of (13. 7p can be rewritten as 

SS[F',if'] _ r 6S[F',v']6F^y) 
5F'^ Jy 5F^{y) 5F'^ 



(3.11) 



&F' SF' 

We now invert the matrix ( ^ , g'^, 1 , recall that F1F2 = -F1-F2 and observe that 

Jf 1^ 

SS\FMJG{y)_lii /-^.^ , 1 r^,, ,,,!iG 
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We thus obtain 



6F'^ 6F^ 6F^ A6F^Jy A Jy ' ' 6F^ 

Since the left hand side of (EZI) is Ga + i^ /^ F cF + i(c - c*)aeF^ + 2d^ ^|^, we 
rewrite fl3.7l) as 



(s[F',if']-S[F,ip]-^J{FcF + GbG)\ (3.13) 



5F^ ■ 

Since this expression does not contain derivatives of F, the functional variation becomes 
just a partial derivative, and fl3.13p is equivalent to 

^ ^C{F',^')-C{F,^)-]FcF-]GbG] (3.14) 



dpA V V '^^ V ^T-y ^ ^ 



(«* + d)Al^A^^ f) + lic- c')^^F^ + -Gib - 6*^ 



9FS ' '^^ ' 4' "^"^ 4 ' '9FA ■ 

Here C{F, ip) is a shorthand notation for a lagrangian that depends on F, y)", 5(^9" and 
eventually higher partial derivatives of the fields (/?", say up to order L Equation (13.141) 
has to hold on shell of (13. II) - (13. 4p . Since this equation has no partial derivative of F and 
at most derivatives of y?" up to order £, if it holds on shell of (I3.ip - (I3.4I) then it holds 
just on shell of (13. ip . and of the fermions fields equations, the scalar and vector partial 
differential equations being of higher order in derivatives of F or yj" fields. In particular 
if no fermion is present (13.140 holds just on shell of (13. ip . 

Since the left hand side of (I3.14p is a derivative with respect to F^ so must be the 
right hand side. This holds if we consider infinitesimal dilatations, parametrized by 
I G M, and infinitesimal Sp{2n, M) transformations 

a* + d = k1 , b* = b , c* = c . (3.15) 

We can then remove the derivative ^^ and obtain the equivalent condition 

CiF',if') - C{F,if) - KC{F,if) - ^FcF-^GbG = /(if) (3.16) 

where /(v?) can contain partial derivatives of ip up to the same order as in the lagrangian. 
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We now show that f{^p) in fl3.16p is independent from ip. Consider the yj-equations 
of motion 



6S[F',^'] _ f6S[F',^']6ip^{y) ^ f 6S[F,v]6F{y) 



Sif"^ Jy Siff^iy) 6ip"^ Jy 6F{y) 6ip 

6S[F', ^'] 6S[F, ^] di^ 1 5 



6ip'^ 6ipf^ dip"' 4 (5v3" Jy 

(5y?" Sipl^ 9^° (5(/?" V 4 Jy J 

where only first order infinitesimals have been retained, and where techniques similar 
to those used in the study of (13.111) have been applied. On shell the left hand side has 
to vanish; since the first two addends on the right hand side are proportional to the 
(yj-equations of motion, this happens iff on shell 

J- (^S[F',if'] - S[F,ip] - KS[F,ip] - ^- jiGbG + F cF)^ = 0. (3.17) 

Comparison with (I3.16P shows that on shell 
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Sip"' 



f{ip)=0. (3.18) 



In this expression no field strength F is present and therefore the equations of motion of 
our interacting system are of no use; equation (I3.18P holds also off shell and we conclude 
that f{(p) is (f independent, it is just a constant depending on the parameters a,b,c,d 
(it usually vanishes). We thus have the condition 

C{F',ip')-C{F,ip)-KC{F,ip)~^FcF-^GbG = consta,b,c,d (3.19) 

If we expand F' in terms of F and G, we obtain the equivalent condition 

A^C{F,ip) = -FcF--GbG + KC{F,ip)--GaF + consta,b,c,d (3.20) 

where A^C{F, ip) = C{F, <p') - C{F, ^). 

Equation (13.201) . where Gj^'^ = 2(9£/9F^, is a necessary and sufficient condition in 
order to have duality symmetry. This condition is on shell of the fermions equations of 
motion, in particular if no fermion is present this condition is off shell. In the presence 
of fermions, equation (13.201) off shell is a sufficient condition for duality symmetry. 

The duality symmetry group is 

M>° X 5L(2n, M) , (3.21) 
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the group of dilatations times symplectic transformation; it is the connected Lie group 
generated by the Lie algebra fl3.15p . It is also the maximal group of duality rotations 
as the example (or better, the limiting case) studied in the next section shows. 

We have considered dynamical fermionic and bosonic fields y?". If a subset x^ of 
these fields is not dynamical the corresponding equations of motion are of the same 
order as those defining G, and thus fl3.14p and (13.201) hold on shell of all these equations. 
Moreover since no dx^ appears in the lagrangian, the duality transformations for these 
fields can include the field strength F, i.e., x^ ~^ x'^ = S''(F, x)- In this case there is an 
extra addend in (13.111) . The necessary and sufficient duality condition (I3.20p does not 
change. 

We also notice that condition (I3.19P in the absence of dilatations (k = 0), and for 
consta,b,c4 = is equivalent to the invariance of 

C - \fG . (3.22) 

4 ^ ^ 

3.2 The main example and the scalar fields fractional transfor- 
mations 

Consider the Lagrangian 

\U2K^F'^F'' + ^MaeF^F^ + ^(0) (3.23) 

where the real symmetric matrices A/i(0) and A/2(0) and the lagrangian =5f (0) are just 
functions of the bosonic fields (p^, i = 1, . . .m, (and their partial derivatives). 

Any nonlinear lagrangian in the limit of vanishing fermionic fields and of weak field 
strengths F"^ << F^ reduces to the one in (13.230 . A straighforward calculation shows 
that this lagrangian has ]R^° x SL{2n, M) duality symmetry if the matrices A/i and N'2 
of the scalar fields transform as 

AMi = c + dMi-Mia~MibMi+M2bM2 , (3.24) 

AM2 = dX2-Af2a-MibM2-X2bXi , (3.25) 



and 

If we define 



A^(0) = K^(0). (3.26) 



i.e., ^fl = Re^f , M2 = ImA/", the transformations (I3.24p . (13.250 read 

AM = c + dM-Ma-MbM , (3.27) 
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the finite version is the fractional transformation 

M' = {C + DJ\f){A + BJ\f)-^ . (3.28) 

Under (13.281) the imaginary part of M transforms as 

U!, = {A + BU)-^U2{A + BUy^ (3.29) 

where — f is a shorthand notation for the hermitian conjugate of the inverse matrix. 

The kinetic term \N'2A_t.F'^F^ is positive definite if the symmetric matrix A/2 is 
negative definite. In Appendix 7.2 we show that the matrices A^ = A/i + iA/2 with A/i 
and M2 real and symmetric, and A/2 positive definite, are the coset space -^t^^ • 

A scalar lagrangian that satisfies the variation (I3.26P can always be constructed using 
the geometry of the coset space %(^\ , see Section 13.4.21 

This example also clarifies the condition (I3.15P that we have imposed on the GL{2n, M) 
generators. It is a straighfoward calculation to check that the equations (13. 2p . (13. 3p and 

G = Af2F + AfiF (3.30) 

have duality symmetry under GL{2n, M) transformations with AA/" given in (13.270 . How- 
ever it is easy to see that equation (I3.14p implies, for the lagrangian (13.230 . that condition 
(I3.15P must hold. The point is that we want the constitutive relations G = G[F, (f] to 
follow from a lagrangian. Those following from the lagrangian (I3.23P are (I3.30p with 
A/i and N'2 necessarily symmetric matrices. Only if the transformed matrices A/"^ and 
J\f2 are again symmetric we can have G' = — Q^f as in (13.70 . (or more generally 

G' = — Qp^ ' ) . The constraints Af{ = Af^', N'2 = M!^ , reduce the duality group to 
M>° X 5L(2n,M). 

In conclusion equation (I3.20p is a necessary and sufficient condition for a theory of n 
abelian gauge fields coupled to bosonic matter to be symmetric under M^° x SL{2n, M) 
duality rotations, and R^° x SL{2n,M.) is the maximal connected Lie group of duality 
rotations. 

3.3 A basic example with fermi fields 

Consider the Lagrangian with Pauli coupling 

^0 = --/.uF^" - i#^ - \m + ^AF^^^or^^e (3.31) 

where a^^ = \['j'^,'y'^] and ip,^ are two Majorana spinors. We have 

ar _ 

G^^ = 2—^ = -F^" + Xi^a^^i (3.32) 

oF^y 
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and the duality condition fl3.20p for an infinitesimal f/(l) duality rotation (^^o) reads 

A^Co + A^^o = -^AF^ae + ^-X^^a^^'i^a.^i . (3.33) 

It is natural to assume that the kinetic terms of the fermion fields are invariant under 
this duality rotation (this is also the case for the scalar lagrangian -Sf (0) in (13.261) ). then 
using 750"'^^ = ia^'^ we see that the coupling of the fermions with the field strength is 
reproduced if the fermions rotate according to 

A^ = Un,^ , (3.34) 

Ae = ^^75^ ; (3.35) 

we also see that we have to add to the lagrangian Cq a new interaction term quartic in 
the fermion fields. Its coupling is also fixed by duality symmetry to be — A^/8. 

The theory with U{1) duality symmetry is therefore given by the lagrangian [3] 
C = -^F.^F^'' - i#^ - ^-m + ^XF^'^a,,^ - ^X' ^a,,i ^a^'^i . (3.36) 

Notice that fermions transform under the double cover of f/(l) indeed under a rotation 
of angle 6 = 27r we have tp —>■ —ip, ^ —>■ —C,, this is a typical feature of fermions 
transformations under duality rotations, they transform under the double cover of the 
maximal compact subgroup of the duality group. This is so because the interaction with 
the gauge field is via fermions bilinear terms. 

3.4 Compact and noncompact duality rotations 

3.4.1 Compact duality rotations 

The fractional transformation (I3.28P is also characteristic of nonlinear theories. The 
subgroup of Sp{2n, M) that leaves invariant a fixed value of the scalar fields A/" is U{n). 
This is easily seen by setting J\f = —iH. Then infinitesimally we have relations (13.150 
with K = and b = — c, a = —a*, i.e. we have the antisymmetric matrix 




a = —a*, b = 6*. For finite transformations the Sp{2n,M.) relations (17.21) are comple- 
mented by 

A = D , B = -C . (3.37) 
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Thus A — iB is a unitary matrix (see also fl7.8p ). U{n) is the maximal compact subgroup 
of Sp{2n,M.), it is the group of orthogonal and symplectic 2n x 2n matrices. 

More in general from Section 3.1 we easily conclude that a necessary and sufficient 
condition for a theory with just n abelian gauge fields to have U{n) duality symmetry 

is (cf. (Km ) 

F^F^ + G^G^ = (3.38) 

G^F^ - G^F^ = (3.39) 

for all A, S. Moreover since any nonlinear lagrangian in the limit of weak field strengths 
F^ « F^ reduces to the one in 03.231) (with a fixed value of A/"), we conclude that U{n) 
is the maximal duality group for a theory with only gauge fields. 

Condition (13.391) is equivalent to 

i.e. to the invariance of the Lagrangian under SO{n) rotations of the n field strengths 
F^. Condition (I3.38P concerns on the other hand the invariance of the equations of mo- 
tion under transformation of the electric field strengths into the magnetic field strengths. 
In a theory with just n abelian gauge fields the field strengths appear in the La- 
grangian only through the Lorentz invariant combinations 

and equation (I3.40p . tell us that £ is a scalar under SO{n) rotations; e.g. £ is a sum of 

traces, or of products of traces, of monomials in a and (3 (we implicitly use the metric 

6 AY: in the a and P products). 

If we define 

dC r - 9C 

dot ' ^^W 

then using the chain rule and the definitions (I3.4ip we obtain that (I3.38p is equivalent 

to 

CpPCjs — Coi(3Ca + CaaCj3 + CjjaCa + /3 = . (3.43) 

If we define 

p = --(a + i/3), g = --(a-i/3), (3.44) 

then (I3.43P simplifies and reads 

p- CppCp = q- CgqCg . (3.45) 
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^" = 7^ ' ^/3 = 7^ ' (3-42) 



Condition fl3.43p in the case of a single gauge field was considered in [15] togheter 
with other equivalent conditions, in particular £u£^ = 1, where u = ^{a + (a^ + P"^)^), 
V = l(^a- {a^ + /9^)5), see also [20]. 

3.4.2 Coupling to scalar fields and noncompact duality rotations 

By freezing the values of the scalar fields A/" we have obtained a theory with only gauge 
fields and with U{n) duality symmetry Vice versa (following [16] that extends to U{n) 
the f/(l) interacting theory discussed in [14,15]) we show that given a theory invariant 
under U{n) duality rotations it is possible to extend it via n{n + 1) scalar fields A/" to a 
theory invariant under Sp{2n,'R). Let C{F) be the lagrangian of the theory with U{n) 
duality. From (I3.19P we see that under a U{n) duality rotation 

C{F')-C{F) = -^FbF + ^GbG . (3.46) 

In particular C{F) is invariant under the orthogonal subgroup SO{n) C U{n) given by 
the matrix (f^_°4t). This is the so-called electric subgroup of the duality rotation group 
U{n) because it does not mix the electric fields F with the dual fields G. 

Define the new lagrangian 

£(F, R,Afi) = C{RF) + ^FMiF (3.47) 

where R = (-R\;)A,s=i,...n is an arbitrary nondegenerate real matrix and A/i is a real 
symmetric matrix. Because of the 0{n) symmetry the new lagrangian depends only on 
the combination 

ATa = -R^R , (3.48) 

rather than on R. Thus £(F, R,Afi) = £{F,Af) where N = Ni + iM2. 
We show that H satisfies the duality condition O3.20p . 

(A^ + A^ + AArj£(F, R,Ui) = ^FcF + ^GhG (3.49) 

where as always G = 2|^, and where A/i transforms as in 03.24p and 

Ai? = -R{a + hUi) , (3.50) 

so that A/2 = —R^R transforms as in (I3.25p . Notice that we could also have chosen the 
transformation AR = AR — R{a + &A/i) with A an infinitesimal SO{n) rotation. 

We first immediately check (I3.49P in the case of the rotation (^q) . Then in the case 
(0°), where a = — d*. Finally we consider the duality rotation (qq). It is convenient to 
introduce the notation 

J^ = RF , g = 2^^. (3.51) 
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We observe that >C(JF) satisfies the U{n) duahty conditions (13.381) . fl3.39p with F ^ J^, 
G ^ Q. Equation fl3.49p holds because of (I3.38p and proves Sp{2n, M) duahty invariance 
of the theory with lagrangian £. 

We end this subsection with few comments. We notice that fl3.39p is equivalent to 
the invariance of the lagrangian under the infinitesimal SO{n) transformation R —>■ AR. 

We also observe that under an Sp{2n,'R) duality transformation (^^), the dressed 
fields T and Q transform via the field dependent rotation (_°^,q ) = (.^b/jt^o^ ), 

AJ^= RbR'g , (3.52) 

AG = -RbR'J^ . (3.53) 

The geometry underlying the construction of Sp{2n, M) duality invariant theories 
from U{n) ones is that of coset spaces. The scalar fields A/" parametrize the coset space 
Sp(2n,R)/^^^^ (see proof in ...). We also have ^^^^n*/^^^^ ^ so{n)\^^^^'''^ x M^^^ where 
GL^{n) is the connected component of GL{n) and the equivalence classes [R\ = {R' G 
GL^{n); R'R~^ = e^ G SO{n)} parametrize the coset space soin)^^^ '•"^• 

The proof of Sp{2n, M) duality symmetry for the theory described by the lagrangian 
£ holds also if we add to £ an Sp{2n, M) invariant lagrangian for the fields Af like the 
lagrangian =Sf in (I3.65p . Of course we can also consider initial lagrangians in ([ 



that depend on matter fields invariant under the U{n) rotation, they will be Sp{2n, M) 
invariant in the corresponding lagrangian £,. Moreover, by considering an extra scalar 
field $, we can always extend an Sp{2n, M) duality theory to an TZ^^ x Sp{2n, M) one. 

3.5 Nonlinear sigma models on G/H 

In this section we briefiy consider the geometry of coset spaces G/H. This is the 
geometry underlying the scalar fields and needed to formulate their dynamics [59,60]. 

We study in particular the case G = Sp{2nM), H = U{n) [6] and give a kinetic term 
for the scalar fields Af. 

The geometry of the coset space G/H is conveniently described in terms of coset 
representatives, local sections L of the bundle G — > G/H. A point (^ in G/H is an 
equivalence class gH = {g \ g~^g G H}. We denote by 0* (i = 1, 2 . . . m) its coordinates 
(the scalar fields of the theory). The left action of G on G/H is inherited from that of 
G on G, it is given by gH \-^ g'gH, that we rewrite ^—>- g'cj) = cf)' . Concerning the coset 
representatives we then have 

g'L{4>) = L{<P')h , (3.54) 

because both the left and the right hand side are representatives of (f)' . The geometry of 
G/H and the corresponding physics can be constructed in terms of coset representatives. 
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Of course the construction must be insensitive to the particular representative choice, 
we have a gauge symmetry with gauge group H. 

When H is compact the Lie algebra of G splits in the direct sum G = H + K, where 

[H,M]cH , [K,K]cH + K , [H, K] C K . (3.55) 

The last expression defines the coset space representation of H. The representations of 
the compact Lie algebra EI are equivalent to unitary ones, and therefore there exists a 
basis {Ha,Ka), where [H^, Ka] = C^a^b with Ca = {C^a)a,b=i,...m=dimG/H antihermitian 
matrices. Since the coset representation is a real representation then these matrices Ca 
belong to the Lie algebra of SO{m). 

Given a coset representative L{(j)), the pull back on G/H of the G Lie algebra left 
invariant 1-form T = L~^dL is decomposed as 

r = L-^dL = P\<P)Ka + c^"((/))i/„ . 

r and therefore P = P°'{(j))Ka and u = uJ°'{(j))Ha are invariant under diffeomorphisms 
generated by the left G action. Under the local right H action of an element h{(j)) (or 
under change of coset representative L'{(f)) = L{(j))h{(f))) we have 

P^h-^Ph , uj^h-^ujh + h~^dh . (3.56) 

The 1-forms P"'[(j)) = P°'{(f))id(ff are therefore vielbain on G/H transforming in the 
fundamental of SO{m), while uj = u!{(f))id(j)^ is an H- valued connection 1-form on G/H. 
We can then define the covariant derivative VP" = [-P, cij]" = P'' (g) — C^^u;". 
There is a natural metric on G/H, 

g = 6atP' ® P' , (3.57) 

(this definition is well given because we have shown that the coset representation is 
via infiniesimal SO{m) rotations). It is easy to see that the connection V is metric 
compatible, Vg = 0. 

If the coset is furthermore a symmetric coset we have 

[K, K] c e , 

then the identity ciF + F A F = 0, that is (the pull-back on G/H of) the Maurer-Cartan 
equation, in terms of P and u reads 

R + PAP = , (3.58) 

dP + PAtu + tuAP = 0. (3.59) 

This last relation shows that u is torsionfree. Since it is metric compatible it is therefore 
the Riemannian connection on G/H. Equation (I3.58P then relates the Riemannian 
curvature to the square of the vielbeins. 
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By using the connection uj and the vierbein P we can construct couphngs and actions 
invariant under the rigid G and the local H transformations, i.e. sigma models on the 
coset space G / H. 

For example a kinetic term for the scalar fields, which are maps from spacetime 
to G/H, is given by pulling back to spacetime the invariant metric fl3.57p and then 
contracting it with the spacetime metric 

^kin(0) = ^P;Pr = lP'A<l^'Pajd'^<f>' . (3.60) 

By construction the lagrangian =;^kin(0) is invariant under G and local H transforma- 
tions; it depends only on the coordinates of the coset space G/H. 

3.5.1 The case G = Sp{2n, R), H = U{n) 

A kinetic term for the ^(^\ valued scalar fields is given by (13.601) . This lagrangian 
is invariant under Sp{2n, M) and therefore satisfies the duality condition (13.261) with 
G = Sp{2n, M) and k = 0. We can also write 

^ki„(0) = ^P;P." = lTr{P,Pn ; (3.61) 

where in the last passage we have considered generators Ka so that Ti^KaKb) = 5ab 
(this is doable since U{n) is the maximal compact subgroup of Sp{2n, M)). 

We now recall the representation of the group Sp{2nM) and of the associated coset 
^L^. ' in the complex basis discussed in the appendix (and frequently used in the later 
sections) and we give a more explicit expression for the lagrangian (13.611) . 

Rather than using the symplectic matrix 5* = {cd) of the fundamental representation 
of Sp{2n,'R), we consider the conjugate matrix A~^SA where A = 75 (-li ji)- ^^ ^^i^ 
complex basis the subgroup U{n) C Sp{2n, M) is simply given by the block diagonal 
matrices (q5) . We also define the n x 2n matrix 



f\ 1 (A-iB 






h ) ^\C -iD 



(3.62) 



and the matrix 



VHiO-^^l^. (3.63) 



Then (cf. (I7D, (inoD), 

V-i,V _ f ^iPdh - h^df) tipdh - hUf) \^fuP\ ._, . 

\-i{fdh-h'df)-i{fdh-h'df))-\Vuj)' ^^-^^^ 
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where in the last passage we have defined the n x n sub-blocks u and V corresponding 
to the U{n) connection and the vielbein of Sp{2n,M.)/U{n) in the complex basis, (with 
slight abuse of notation we use the same letter u in this basis too). 
We finally obtain the explicit expression 

^kin(0) = TriP^vn = \^ri^f2%^f ^f2'^^^f) (s.es) 

where V = V^dx^ = Vid^cfi'dx^, AT = M - iUi and M = M^ + iAf^ = ReAf + ilmN. 
The matrix of scalars A/" parametrizes the coset space Sp{2n,'R)/U{n) (see Appendix 
7.2); in terms of the / and h matrices it is given by (cf. (I7.19P ) 

Af=fh-\ M-' = -2ffK (3.66) 

Under the symplectic rotation (cd) ~^ ic'D') (cd) ^^e matrix J\f changes via the frac- 
tional transformation TV ^ (C + D'Af) {A' + B'Af)-\ (cf. (Km ). 

Another proof of the invariance of the kinetic term (13.651) under the Sp{2n, M) follows 
by observing that (13.650 is obtained from the pullback to the spacetime manifold of the 
metric associated to the ^L"s ' Kahler form Tr(A/2"M AT Af2^dAf) (here d = 9 -|- 9 is 
the exterior derivative). This metric is obtained from the Kahler potential 

/C = -4 Tr log i{Ar - AT) . (3.67) 

Under the action of Sp{2n, R), N and A/"- AT change as in (I3.28p . (13.291) and the Kahler 
potential changes by a Kahler transformation, thus showing the invariance of the metric. 



3.4.2 The case G = M>° x Sp{2n, R), H = U{n) 

In this case the duality rotation matrix ("^) belongs to the Lie algebra of R^*^ x Sp{2n, M) , 
as defined in (13.151) . In particular infinitesimal dilatations are given by the matrix f (q 5) • 
The coset space is 

M>°x5p(2n,M) _.n Sp(2n,R) 

f\ ^ =R>°x ^^ ' ' , 3.68 

U[n) U[n) 

there is no action of U{n) on M^°. We consider a real positive scalar field $ = e*^ 
invariant under Sp{2n, R) transformations. The fields $ and A/" parametrize the coset 
space (I3.68p . 

Let's first consider the main example of Section 3.2. The duality symmetry conditions 
for the lagrangian (13:231) are (13:241) - (13:261) . /,From equations (13:2^1) . (I3:25|) (that hold for 
("^) in the Lie algebra of M-^° x Sp{2n,R)) we see that the fields A/", and henceforth 
the lagrangian =^kin(0); are invariant under the R^*^ action. It follows that the scalar 
lagrangian 

$2^kin(0) + d^^d^^ (3.69) 
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satisfies the duality condition fl3.26p . This shows that the lagrangian (13.231) with the 
scalar kinetic term given by fl3.69l) has M^" x Sp{2n, M) duality symmetry. We see that in 
the lagrangian f l3.23p the scalar $ does not couple to the field strenght F. The coupling 
of $ to F is however present in lagrangians where higher powers of F are present. 

More in general expression f l3.69p is a scalar kinetic term for lagrangians that satisfy 
the M>° X Sp{2n,R) duality condition (K^ . 

3.6 Invariance of energy momentum tensor 

Duality rotation symmetry is a symmetry of the equations of motion that does not leave 
invariant the lagrangian. The total change AC = C{F', ip') — C{F, ip) of the lagrangian 
is given in equation fl3.19p . Even if k = this variation is not a total derivative because 
F and G are the curl of vector potentials Ap and Aq only on shell. 

We show however that the variation of the action with respect to a duality rotation 
invariant parameter A is invariant under Sp{2n, M) rotations if the duality rotation f l3.10p 
of the (f fields is A independent. 

Consider the A-variation of AS[F, if] = S[F', ip'] - S[F, ip] = J^ |f AF + A<^^, 

^S = / 7t(t7tt) AF + / ^^(AF) + -(A,S) 



dX Jy5VdF' JydFSy ' 5\ 

d ,5C. , ^ 1 f X, 5 , , ^, , ,5S . 

where in the second line we used that j^Aip = 0. Thus A(|f) = j^{AS - {J GhG) 
and therefore from (13.190 we have, 

. ,5S . SS , „ , 

thus showing invariance of |^ under Sp{2n,'K) rotations (/t = rotations). 

An important case is when A is the metric g^iy, this is invariant under duality rota- 
tions. This shows that the energy momentum tensor j^ is invariant under Sp{2n, M) 
duality rotations. 

Another instance is when A is the dimensional parameter typically present in a 
nonlinear theory. Provided the matter fields are properly rescaled ip ^ = X^ip, so that 
they become adimensional and therefore their transformation A0, usually nonlinear, 
does not explicitly involve A, then -^ is invariant, where it is understood that ^ = 0. 
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For the action of the Born-Infeld theory coupled to the axion and dilaton fields, 



C= i(i-^i-iAA/'2F2- j^A27V2(FF)2) we obtain the invariant |f = -\{L-\FG)] 
we already found this invariant in (I3.22p . 

3.7 Generalized Born Infeld theory 

In this section we present the Born-Infeld theory with n abelian gauge fields coupled to 
nin + l)/2 scalar fields M and show that is has an 5*^(271, M) duality symmetry. If we 
freeze the scalar fields M to the value M = — il then the lagrangian has U{n) duality 
symmetry and reads 

£ = Tr[l - Sa,p^/l + 2a-|3^] , (3.72) 

where as defined in (13.411) . the componets of the n x n matrices a and /3 are a^^ = 
^F^F^, P^^ = ^F^F'^. The square root is to be understood in terms of its power 
series expansion, and the operator Sa,i3 acts by symmetrizing each monomial in the a 
and f3 matrices. A world (monomial) in the letters a and (3 is symmetrized by averaging 
over all permutations of its letters. The normalization of iSq,^^ is such that if a and /3 
commute then Sa,f3 acts as the identity. Therefore in the case of just one abelian gauge 
field (13.721) reduces to the usual Born-Infeld lagrangian. 

The Sp{2n, M) Born-Infeld lagrangian is obtained by coupling the lagrangian (13.721) 
to the scalar fields Af as described in Subsection l3.4.2l and explicitly considered in (13.1091) . 

Following [18] we prove the duality symmetry of the Born-Infeld theory (13.721) by 
first showing that a Born-Infeld theory with n complex abelian gauge fields written in 
an auxiliary field formulation has U{n, n) duality symmetry. We then eliminate the 
auxiliary fields by proving a remarkable property of solutions of matrix equations [19]. 
Then we can consider real fields. 



3.7.1 Duality rotations with complex field strengths 

IFtoir the general study of duality rotations we know that a theory with 2n real fields 
F^ and F^ (A = 1, . . . n) has at most Sp^in, R) duality if we consider duality rotations 
that leave invariant the energy- momentum tensor (and in particular the hamiltonian) . 
We now consider the complex fields 

F^ = F^" + iF^ , F^ = Fl" - iF^ , (3.73) 

the corresponding dual fields 

G = l(Gi+^G2) , G = i(Gi-^G2), (3.74) 
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and restrict the Sp{4n, M) duality group to the subgroup of iioiomorpiiic transformations, 

F\ fa b\ ( F 



A 



A 



G 



G 



cd 

a b 
cd 



This requirement singles out those matrices, acting on the vector 
to the Lie algebra of S'p(4n, M) and have the form 



F2 
Gi 

\g,J 



(3.75) 
(3.76) 
, that belong 



•^in a ) 2'^(o h) 



\2A(ll)A-' AQl)A-^j 

where A = 75(_Ji a)- The matrix (I3.77P belongs to 5*^(4 
matrices a, b, c, d satisfy 



bt 



(3.77) 

iff the n X n complex 
(3.78) 



Matrices 



a b 
c d 



that satisfy (13.781) . define the Lie algebra of the real form U{n, n). The 
group U{n, n) is here the subgroup of GL{2n, C) caracterized by the relationqj 

mu : ::] M = { : :: i . (3.79) 



One can check that (13.791) implies the following relations for the block components of 
A B 
C D, 

C^A = AtC, BtD = DtB, D^A - B^C = 1 . (3.80) 



M 



The Lie algebra relations 03.78P can be obtained from the Lie group relations (I3.80p by 
writing (gp) = (jj^^) +^(cd) with e infinitesimal. Equation (I3.77P gives the embedding 
of U{n, n) in Sp{An, M). 

The theory of holomorphic duality rotations can be seen as a special case of that of 
real duality rotations, but (as complex geometry versus real geometry) it deserves also 

an independent formulation based on the holomorphic variables ( „ ) and maps 



G 



c d 



®In Appendix 7.1 we define U{n,n) as the group of complex matrices that satisfy the condition 
[/t(J°^j)[/ = (J°_i)- The similarity transformation between these two definitions is M = AUA^^. 
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The dual fields in f l3.74l) . or rather the Hodge dual of the dual field strength, G 
\^hvpctG I" ^ is equivalently defined via 



A 



Ga'"'-2^. &r^2§ir- (3.81) 

Repeating the passages of Section 3.1 we have that the Bianchi identities and equations 
of motion d^F^'^'^ = , d^Gf^'^ = , — ^ 'a' = transform covariantly under the 
holomorphic infinitesimal transformations (13 .75^ if the lagrangian satisfies the condition 

(cf. (^M) 

C{F + AF,F + AF,<^ + AyD)-C{F,F,<^)--FcF--GhG = const^^b,c,d (3.82) 

Of course we can also consider dilatations n ^ 0, then in the left hand side of f l3.82p we 
have to add the term —kC{F, F, ip). 

The maximal compact subgroup of f/(n, n) is U{n) x U{n) and is obtained by re- 
quiring (13.801) and 

A= D , B = -C . 

The corresponding infinitesimal relations are (13.781) and a = d , b = — c . 

The coset space ^. f"'^K is the space of all negative definite hermitian matrices 
M. of U{n,n), see for example [18] (the proof is similar to that for Sp{2n,'R)/U{n) in 
Appendix 7.2). All these matrices are for example of the form A4 = —g'^ g~^ with 
g G U{n,n). These matrices can be factorized as 

l-AfAfAT, \ / 1 

-1\ /7V0\/7V9 \ /TVt -1 



= -'(i )^[-io)[oM,:')[o ) (3.83) 

where TVi is hermitian, A/2 is hermitian and negative definite, and 

Af = Afi+t^2. (3.84) 

Since any complex matrix can always be decomposed into hermitian matrices as in 
(I3.84p . the only requirement on M is that A/2 is negative definite. 
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The left action of U{n, n) on itself g ^> ( c d )5'; induces the action on the coset space 

A1 — > ( _B "a) -^ ( -B ~a) because M = —g^ g^^. Expression fl3.83p then immediately 
gives the action of U{n, n) on the parametrization J\f of the coset space, 

X ^ Af' = {C + DAf) {A + BAf)-\ (3.85) 

ATa ^ AT^ = (A + BAf)-W2{A + BAf)-^ . (3.86) 



As in Section 3.4, given a theory depending on n complex fields F^ and invariant 
under the maximal compact duality group U{n) x U{n) it is possible to extend it via 
the complex scalar fields A/", to a theory invariant under U{n, n). The new lagrangian is 

£(F, R, Afi) = C{RF) + \FJ\fiF (3.87) 

where R = {R\)A,T,=i,...n is now an arbitrary nondegenerate complex matrix. Because 
of the U{n) maximal compact electric subgroup this new lagrangian depends only on 
the combination 

Af2 = -R^R , (3.88) 

rather than on R. Thus 2.{F, R, A/i) = S,{F, J\f) where J\f = J\fi + iN'2- A transformation 
for R compatible with (13.851) is 

R! = R{A + BAf)-\ (3.89) 

whose infinitesimal transformation is AR = —R{a + hj\f) . 

Conversely, if we are given a Lagrangian C with equations of motion invariant under 
U{n,n) we can obtain a theory without the scalar field Af by setting Af = —i\. Then 
the duality group is broken to the stability group of A/" = — il which is U{n) x U{n), 
the maximal compact subgroup. 

Similarly to Section 3.4.1 we define the Lorentz invariant combinations 

If we consider lagrangians C{F,F) that depend only on gauge fields and only through 
sum of traces (or of products of traces) of monomials in a and /?, then the necessary 
and sufficient condition for U{n) x U{n) holomorphic duality symmetry is still (13.431) . 
where now a and (3 are as in (13.901) . 
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3.7.2 Born-Infeld with auxiliary fields 

A lagrangian that satisfies condition fl3.82l) is 

/: = ReTr[z(Ar-A)x-^AxW2X-a(a + z/5)] , (3.91) 

The auxiliary fields x ^i-nd A and the scalar field M are n dimensional complex matrices. 
We can also add to the lagrangian a duality invariant kinetic term for the scalar field 

M, (cf dSSHD) 

Ti{U^^d^,U^ M^^d^'M) . (3.92) 

In order to prove the duality of (I3.9ip we first note that the last term in the La- 
grangian can be written as 

-ReTr[iA(a + z/3)] = -Tr(A2a + Ai/3) . 

If the field A transforms by fractional transformation and Ai, A2 and the gauge fields 
are real this is the f/(l)" Maxwell action (13.231) . with the gauge fields interacting with 
the scalar field A. This term by itself has the correct transformation properties under 
the duality group. Similarly for hermitian a, /?, Ai and A2 this term by itself satisfies 
equation (I3.82p . It follows that the rest of the Lagrangian must be duality invariant. 
The duality transformations of the scalar and auxiliary fields arqZl 

A'= (C + DA)(A+BA)-\ (3.93) 

x' = (A+BAr)x(A+BAt)t, (3.94) 

and (I3.85p . Invariance of Tr[z(A/' — A)x] is easily proven by using (I3.80p and by rewrit- 
ing dSlSD as 

A' = (A+BAt)-t(C + DAt)t . (3.95) 

Invariance of the remaining term which we write as Re Tr [—\\x^-^2X\ = Tr [\\2X^'^2'x\ 1 
is straightforward by using (I3.86P and the following transformation obtained from (13.951) . 

A'2 = (A + BAt)"U2(A + BA^)"^ . (3.96) 

3.7.3 Elimination of the Auxiliary Fields 

The equation of motion obtained by varying A gives an equation for x, 

X + \x^^2X + a + il3 = Q , (3.97) 



D C 



^In [18] we use different notations: M ^ S\\ ^ \\x^ X^ t \ c d) ^ I b a 
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using this equation in the Lagrangian fl3.9ip we obtain 

C = ReTi{Wx) (3.98) 

= Re Tr (-A^ax) + Tr (M/3) , (3.99) 

where x is now a function of a, (3 and A/2 that solves fl3.97p . In the second hne we 
observed that the anti-hermitian part of (13.971) imphes X2 = —(3- 

In this subsection we give the explicit expression of C in terms of a, j3 and M . 

First notice that fl3.97p can be simplified with the following field redefinitions 

X = RxR^ , 

a = RaR^ , (3.100) 

/3 = R(3R^ , 

where, as in fl3.88p . R'^R = —N2- The equation of motion for x is then equivalent to 

X-\x^X + a-id=Q. (3.101) 

The anti-hermitian part of fl3.10ip implies £2 = ~I3 , thus £ ^ = X — 2i/3. This can be 
used to eliminate x^ from (13.1010 and obtain a quadratic equation for £. If we define 
Q = \x this equation reads 



where 



The lagrangian is then 



Q = q + {p-q)Q + Q^. (3.102) 



p = --(a + z/3), q = --{a-i(3) 



/: = 2ReTrg + Tr(7Vi/5) . (3.103) 

If the degree of the matrices is one, we can solve for Q in the quadratic equation (13.1020 . 
Apart from the fact that the gauge fields are complex, the result is the Born-Infeld 
Lagrangian coupled to the dilaton and axion fields A/", 



C = l-sjl- 2J\f2a + Uip^ + UiP . (3.104) 

For matrices of higher degree, equation (I3.102p can be solved perturbatively, 

go = 0, Qk+i = q+{p-q)Qk + Ql, (3.105) 

and by analyzing the first few terms in an expansion similar to (I3.105P in [17, 18] it was 
conjectured that 

Tr g = ^ Tr [ II + g - p - 5p,, Vl - 2(p + g) + (p - g)2 ] , (3.106) 
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The right hand side formula is understood this way: first expand the square root as 
a power series in p and q assuming that p and q commute. Then solve the ordering 
ambiguities arising from the noncommutativity of p and q by symmetrizing, with the 
operator Sp^q, each monomial in the p and q matrices. A world (monomial) in the letters 
p and q is symmetrized by considering the sum of all the permutations of its letters, 
then normalize the sum by dividing by the number of permutations. This normalization 
of Sp^q is such that if p and q commute then Sp^q acts as the identity. Therefore in the 
case of just one abelian gauge field (13.721) reduces to the usual Born-Infeld lagrangian. 
An explicit formula for the coefficients of the expansion of the trace of Q is [19, 69] 



Tr g = Tr 



^v'-;!T')(T)5(pv 

r,s>l 



(3.107) 



In Appendix 8, following [19], see also [70] and [71], we prove that the trace of Q is 
completely symmetrized in the matrix coefficients q and p — q. Since this is equivalent to 
symmetrization in q and p (I3.106P follows. Since symmetrization in p and q is equivalent 
to symmetrization in a and /3, the Born-Infeld lagrangian also reads 



C = TT[l-S^^p^l + 2a-(3^ +Afi(3] . (3.108) 

In [69] the convergence of perturbative matrix solutions of (I3.97p . are studied. A 
sufficient condition for the convergence of the sequence (I3.105P to a solution of (13.1021) 
is that the norms oip — q and q have to satisfy (1 — ||p — g||)^>4||g||. Here || || denotes 
any matrix norm with the Banach algebra property ||MM'|| < ||M|| ||M'|| (e.g. the 
usual norm). This condition is surely met if the field strengths Fj^^ are weak. 

If equation (I3.102p is written as {\ + q — p)Q = q + Q"^, then the sequence given by 
Qo = , Qk+i = (1 + Q' — p)~^Q'+(l + Q'— p)^^(5fe converges and is a solution of equation 
(13T02|) if \\{\ + q - py^W \\{^ + q-pY^q\\ < 1/4. Notice that the matrix \ + q-p 
is always invertible, use \{\ + q — p) + \{\ + q ~ p^ = 1, and the same argument 
as in (I7.18p . Notice also that if p and q commute then a/I — 2{p + q) + {p — qY = 
{\-\- q — p) -y/I — 4(1 -\- q — p)~'^q and convergence of the power series expansion of this 
latter square root holds if ||(1 + g — p)~'^q\\ < 1/4. 

3.7.4 Real field Strengths 

We here construct a Born-Infeld theory with n real field strengths which is duality 
invariant under the duality group Sp{2n,M.). 

We first study the case without scalar fields, i.e. A/i = and —A/2 = /?=!. 
Consider a Lagrangian C = C{a,P) with n complex gauge fields which describes a 
theory symmetric under the maximal compact group U{N) x U{N) of holomorphic 
duality rotations. Assume that the Lagrangian is a sum of traces (or of products of 
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traces) of monomials in a and (5 . It follows that this Lagrangian satisfies the self-duality 
equations fl3.43p with a and /3 complex (recall end of Section 3.7.1). This equation 
remains true in the special case that a and /3 assume real values. That is £ = £(«,/?) 
satisfies the self-duality equation (13.431) with a = a^ = a and j3 = (3'^ = p. We now 
recall that equation (I3.43P is also the self-duality condition for Lagrangians with real 
gauge fields provided that a and (3 are defined as in (13.411) as functions of field strengths 
F^ that are real (cf. the different complex case definition (I3.90p ). This implies that the 
theory described by the lagrangian £(a, (3) that is now function of n real field strengths 
is self-dual with duality group U{n), the maximal compact subgroup of Sp{2n, M). The 
duality group can be extended to the full noncompact Sp{2n,M.), by introducing the 
symmetric matrix of scalar fields J\f via the prescription (13.470 . 

As a straighforward application we obtain the Born-Infeld Lagrangian with n real 
gauge fields describing an Sp{2n, M) duality invariant theory 



a, 13 



£ = Tr [1-5 ,a/1 + 2S-/52+A/'i^] , (3.109) 



where a = RaR\ p = RpR', TVs = -R'R, and a^^ = \F^F^, {3^^ = \F^F^ as in 

dSHD- 

3.7.5 Supersymmetric Theory 

In this section we briefly discuss supersymmetric versions of some of the Lagrangians 
introduced. First we discuss the supersymmetric form of the Lagrangian (13. 91 p . Con- 
sider the superfields V^ = -^{V/^ + iV^^) and V^ = -^{V/^ - iV^^) where V^^ and V^^ 
are real vector superfields, and define 



Both W^ and W^ are chiral superfields and can be used to construct a matrix of chiral 
superfields 

The supersymmetric version of the Lagrangian (I3.9ip is then given by 
£ = Re /" d^e Tr {^{^f - \)x - ^-\D^{x^M2x) + «AM) 

where A/", A and x denote chiral superfields with the same symmetry properties as their 
corresponding bosonic fields. While the bosonic fields M and A appearing in (I3.9ip are 
the lowest component of the superfields denoted by the same letter, the field x i^^ the 
action (I3.9ip is the highest component of the superfield x- A supersymmetric kinetic 
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term for the scalar field M can be written using the Kahler potential fl3.67p as described 
in [72]. 

Just as in the bosonic Born-Infeld theory, one would like to eliminate the auxiliary 
fields. This is an open problem if n 7^ 1. For n = 1 just as in the bosonic case the 
theory with auxiliary fields also admits both a real and a complex version, i.e. one can 
also consider a Lagrangian with a single real superfield. Then by integrating out the 
auxiliary superfields the supersymmetric version of the Born-Infeld lagrangian (I3.1U4I) 
is obtained 



C^l,'0 ^^""^^^ +Re 



d^9{^AfW') 



(3.110) 



where 



A = ^{D\^2W^) + D\^2W^)) , B = ^{D\^2W^) - D\^2W^)) • 



If we only want a U{1) duality invariance we can set M = —i and then the la- 
grangian (13.1 lUp reduces to the supersymmetric Born-Infeld lagrangian described in [46- 
48]. 

In the case of weak fields the first term of (13.1101) can be neglected and the Lagrangian 
is quadratic in the field strengths. Under these conditions the combined requirements 
of supersymmetry and self duality can be used [73] to constrain the form of the weak 
coupling limit of the effective Lagrangian from string theory. Self-duality of Born-infeld 
theories with N = 2 supersymmetries is discussed in [24]. 

4 Dualities in A^ > 2 extended Supergravities 

In this section we consider N > 2 supergravity theories in D = 4; in these theories 
the graviton is also coupled to gauge fields and scalars. We study the corresponding 
duahty groups, that are subgroups of the symplectic group. It is via the geometry of 
these subgroups of the symplectic group that we can obtain the scalars kinetic terms, the 
supersymmetry transformation rules and the structure of the central and matter charges 
of the theory with their differential equations and their duality invariant combinations 
%// and ^ (that for extremal black holes are the effective potential and the entropy). 
Four dimensional A^-extended supergravities contain in the bosonic sector, besides 
the metric, a number n of vectors and m of (real) scalar fields. The relevant bosonic 
action is known to have the following general form: 

S = ^IV^d'x(^-^R + ImA^ArF/lF'^^^ + ^-^ ReAr^re^^'"^ F;^^F^^+ 

^^,,(0)a^</)^a'^</)^-^ , (4.1) 
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where gij{4>) (i, j, ■ ■ ■ = 1, ■ ■ ■ , m) is the scalar metric on the cr-model described by the 
scalar manifold M scalar of real dimension m and the vectors kinetic matrix A/as(0) is 
a complex, symmetric, n x n matrix depending on the scalar fields. The number of 
vectors and scalars, namely n and m, and the geometric properties of the scalar manifold 
Mscaiar depend on the number N of supersymmetries and are summarized in Table [H 

The duality group of these theories is in general not the maximal one Sp{2n, M) 
because the requirement of supersymmetry constraints the number and the geometry of 
the scalar fields in the theory. In this section we study the case where the scalar fields 
manifold is a coset space G/H, and we see that the duality group in this case is G. 

In Section 5 we then study the general N = 2 case where the target space is a 
special Kahler manifold M and thus in general we do not have a coset space. There the 
Sp{2n, M) transformations are needed in order to globally define the supergravity theory. 
We do not have a duality symmetry of the theory; Sp{2n, M) is rather a gauge symmetry 
of the theory, in the sense that only Sp{2n, M) invariant expressions are physical ones. 

The case of duality rotations in A^ = 1 supergravity is considered in [9], [74], see 
also [25]. In this case there is no vector potential in the graviton multiplet hence no scalar 
central charge in the supersymmetry algebra. Duality symmetry is due to the number of 
matter vector multiplets in the theory, the coupling to eventual chiral multiplets must 
be via a kinetic matrix A/" holomorphic in the chiral fields. We see that the structure of 
duality rotations is similar to that of A^ = 1 rigid supersymmetry. For duality rotations 
in A^ = 1 and N = 2 rigid supersymmetry using superfields see the review [24]. 



4.1 Extended super gravities with target space G/H 

In N >2 supergravity theories where the scalars target space is a coset G/H, the scalar 
sector has a Lagrangian invariant under the global G rotations. Since the scalars appear 
in supersymmetry multiplets the symmetry G should be a symmetry of the whole theory. 
This is indeed the case and the symmetry on the vector potentials is duality symmetry. 
Let's examine the gauge sector of the theory. We recall from Section 3.1 that we 
have an Sp{2n, M) duality group if the vector (q) transforms in the fundamental of 
S'p(2n, M), and the gauge kinetic term Af transforms via fractional transformations, if 
{^l)eSp{2n,R), 

U -^W = {C + DJ\f){A + BJ\f)-^ . (4.2) 

Thus in order to have G duality symmetry, G needs to act on the vector (^) via sym- 
plectic transformations, i.e. via matrices ( ) in the fundamental of S']9(2n,M). This 
requires a homomorphism 

S : G ^ Sp{2n,M.) . (4.3) 
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Different inffnitesimal G transformations sliould correspond to different infinitesimal 
symplectic rotations so tliat tlie induced map Lie(G') -^ Lie(5'p(2n, M)) is injective, and 
equivalently tlie liomomorpliism S" is a local embedding (in general S it is not globally 
injective, the kernel of S may contain some discrete subgroups of G) . 

Since U{n) is the maximal compact subgroup of Sp{2n, M) and since H is compact, 
we have that the image of H under this local embedding is in U{n). It follows that we 
have a G-equivariant map 



TV : G/H -^ Sp{2n, R)/U{n) , (4.4) 



explicitly, for all g E G, 



Af{g(l>) = iC + DUm {A + BUm-' , (4-5) 

where with gcf) we denote the action of G on G/ H^ while the action of G on Sp{2n, M)/f/(n) 
is given by fractional transformations. Notice that we have identified Sp{2n,'R)/U{n) 
with the space of complex symmetric matrices A/" that have imaginary part IraAf = 
—i{Af — 77) negative definite (see Appendix 7.2). 

The D = 4 supergravity theories with N > 2 have all target space G/H, they are 
characterized by the number n of total vectors, the number N of supersymmetries, and 
the coset space G/H, see Table l|j. 

In general the isotropy group H is the product 

H = HauI X -f^matter (4.6) 

where .^Aut is the authomorphism group of the supersymmetry algebra, while -^matter 
depends on the matter vector multiplets, that are not present in iV > 4 supergravities. 

In Section 3.5 we have described the geometry of the coset space G/H in terms of 
coset representatives, local sections L of the bundle G -^ G/H. Under a left action of 
G they transform as gL{(f)) = L{(l)')h , where the g action on </> e G/H gives the point 
(j)' e G/H. 

We now recall that duality symmetry is implemented by the symplectic embeddings 
(14.31) and (14. 4p and conclude that the embeddings of the coset representatives L in 
Sp{2n, M) will play a central role. Recalling (I3.62p these embeddings are determined by 
defining 

L -^ /(L) and L -^ h{L) . (4.7) 



^In Table 1 the group S{U{p) x U{q)) is the group of block diagonal matrices {qq) with P e U{p), 
Q £ U{q) and detPdetQ = 1. There is a local isomorphism between S{U{p) x U{q)) and the direct 
product group C/(l) x SU{p) x SU{q), in particular the corresponding Lie algebras coincide. Globally 
these groups are not the same, for example S{U{5) x C/(l)) = U{5) = U{1) x PSU{5) ^ U{1) x SU{5). 
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Table 1 : Scalar Manifolds of N > 2 Extended Supergravities 



N 


Duality group G 


isotropy H 


^scaiar 


n 


m 


3 


SU{3,n') 


S{U{3) X U{n')) 


5(7(3,n') 


3 + n' 


Qn' 


5(t/(3)x(7{n')) 


4 


SU{1,1) X S0{6,n') 


[/(I) X S{0{6) X 0{n')) 


51/(1,1) ^^ 50(6,™') 
U{1) '^ S{0{6)xO{n')) 


6 + n' 


6n' + 2 


5 


SU{5,1) 


5(f/(5) X [/(I)) 


SU(5,1) 
5{C/{5)xC/(l)) 


10 


10 


6 


SO^iU) 


f/(6) 


50^(12) 
C/(6) 


16 


30 


7,8 


^7(7) 


5f/(8)/Z2 


■fc'7(7) 


28 


70 


S't/(8)/Z2 



In the table, n stands for the number of vectors and m = dim M scalar for the number 
of real scalar fields. In all the cases the duality group G is (locally) embedded in 



Sp{2 n, 



The number n of vector potentials of the theory is given by n 



rir 



+ n' 



where n' is the number of vectors potentials in the matter multiplet while rig is the 
number of graviphotons (i.e. of vector potentials that belong to the graviton multiplet). 
We recall that Ug = ^ ^~ ' if N ^ Q ; and Ug = ^ ~ ' + 1 = 16 if iV = 6 ; we also 
have n' = if N > 4. The scalar manifold of the N = 4 case is usually written as 
SOo{6,n')/SO{6) X SO{n') where SOo{6,n') is the component of S0{6,n') connected 
to the indentity. The duality group of the N = 6 theory is more precisely the double 
cover of S0*{12). Spinors fields transform according to H or its double cover. 

In the following we see that the matrices f(L) and h{L) determine the scalar kinetic 
term A/", the supersymmetry transformation rules and the structure of the central and 
matter charges of the theory. We also derive the differential equations that these charges 
satisfy and consider their positive definite and duality invariant quadratic expression 
"^H- These relations are similar to the Special Geometry ones of A^ = 2 supergravity. 



/,From the equation of motion 

47rjt (4.8) 

4vrjeA (4.9) 

we associate with a field strength 2-form F a magnetic charge p^ and an electric charge 
q\ given respectively by: 



dG^ 



P^ = - F^ , q^= Ga (4.10) 

471 Js2 4n Js2 

where S"^ is a spatial two-sphere containing these electric and magnetic charges. These 
are not the only charges of the theory, in particular we are interested in the central 
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charges of the supersymmetry algebra and other charges related to the vector multiplets. 
These latter charges result to be the electric and magnentic charges p^ and q^ dressed 
with the scalar fields of the theory. In particular these dressed charges are invariant 
under the duahty group G and transform under the isotropy subgroup H = Haui x 

-n matter ■ 

While the index A is used for the fundamental representation of Sp{2n; R) the index 
M is used for that of U{n). According to the local embedding 

H = HAut X Hraatter ^ U {u) (4.11) 

the index M is further divided as M = {AB^ I) where / refers to Hmatter and AB = —BA 
{A = 1, . . . , A^) labels the two-times antisymmetric representation of the i?-symmetry 
group HAut- We can understand the appearence of this representation of HAut because 
this is a typical representation acting on the central charges. The index / rather than 
I is used because the image of Hmatter in U{n) will be the complex conjugate of the 
fundamental of Hmatter, this agrees with the property that under Kahler transformations 
of the f/(l) bundle Sp{2n,'R) / SU{n) -^ Sp{2n,'R)/U{n) the coset representatives of the 
scalar fields in the gravitational and matter multiplets transform with opposite Kahler 
weights. This is also what happens in the generic N = 2 case (cf. (15.611) ). 

The dressed graviphotons field strength 2-forms Tab niay be identified from the su- 
persymmetry transformation law of the gravitino field in the interacting theory, namely: 

6^A = Vba + aTAB^.u^r^'e^Va + . . . (4.12) 

Here V is the covariant derivative in terms of the space-time spin connection and the 
composite connection of the automorphism group HAut, a is a coefficient fixed by su- 
persymmetry, V"' is the space-time vielbein. Here and in the following the dots denote 
trilinear fermion terms which are characteristic of any supersymmetric theory but do not 
play any role in the following discussion. The 2-form field strength Tab is constructed by 
dressing the bare field strengths F^ with the image f{L{(j))), h{L{(j))) in Sp{2n; R) of the 
coset representative ^(0) of G/H. Note that the same field strengths Tab which appear 
in the gravitino transformation law are also present in the dilatino transformation law 
in the following way: 

SXABC = VABCDid,<p'Ye'' + PT^AB.uY'ec] (4.13) 

Analogously, when vector multiplets are present, the matter vector field strengths T/ 
appearing in the transformation laws of the gaugino fields, are linear combinations of 
the field strengths dressed with a different combination of the scalars: 

SXiA = tViABrd^<P''Ye'' + iTi^^r^SA + ... (4.14) 
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Here Vabcd = 'Pabcd e. dcj)^ and "P^^ = P^^ ^ dcjf are the vielbein of the scalar manifolds 
spanned by the scalar fields 0* = (0^, (ff) of the gravitational and vector multiplets 
respectively (more precise definitions are given below), and j3 and 7 are constants fixed 
by supersymmetry. 

According to the transformation of the coset representative gL[(f)) = L{(j)')h , under 
the action of (7 G G on G/H we have 

S{4>)A -^ S{^')A = S{g)S{4>)S{h-^)A = S{g)S{^)AU-' (4.15) 

where A = :;75(_ii A) is unitary and symplectic (cf. (17. 5p ). S{g) = (cd) and S{h) are 
the embeddings of g and h in the fundamental of Sp{2n,M.), while U = A~'^S{h)A is 
the embedding of h in the complex basis of Sp{2n, M). Explicitly U = (0°), where u is 
in the fundamental of U{n) (cf. (17.131) and (17. 8p ). Therefore the symplectic matrix 

V=SA=[{1) (4.16) 

transforms according to 

V{<j^) -. V{<j^') = S{gM<j^) (^\' _°i ) . (4.17) 

The dressed field strengths transform only under a unitary representation of H and, in 
accordance with (I4.17p . are given by [11] 

If) = -^v¥f' (^Q^ ; (4.18) 

T ^uT . (4.19) 



Explicitly, since 



we have 



-zV^'=( ^l f ] (4.20) 



Tab — h\ABF — f ab^a 
fj = KjF^ - fjGA (4.21) 



where we used the notation T = (T*^) = (Tm) = (Tab,Tj) 

/ ~ (/ m) ~ (/ AS) / i) 5 



{hAM) = {hAAB,hAT) , (4.22) 
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the one in [11], where (/V) = (/ ab, /"/) , (hARd) = {hhAB, h 



that enphasizes that (for every value of A) the sections \z'_) have Kahler weight opposite 

to the \h^'^ ) ones. This may be seen from the supersymmetry transformation rules of 

the supergravity fields, in virtue of the fact that gravitinos and fotinos with the same 
chirality have opposite Kahler weight. Notice that this notation (as in [41]) differs from 

A/ 

Consequently the central charges are 

Zab = -^ [ Tab = I^bQa - h^ABP^ (4.23) 

Zi = -^ / Tj = f^QA - h^jp"- (4.24) 

where the integral is considered at spatial infinity and, for spherically symmetric con- 
figurations, / and h in (I4.23p . (I4.24p are /(0oo) and /i(0oo) with 0oo the constant value 
assumed by the scalar fields at spatial infinity. 

The integral of the graviphotons Tab^iu gives the value of the central charges Zab 
of the supersymmetry algebra, while by integrating the matter field strengths Tj ^i, one 
obtains the so called matter charges Zj . The charges of these dressed field strength that 
appear in the supersymmetry transformations of the fermions have a profound meaning 
and play a key role in the physics of extremal black holes. In particular, recalling 04.171) 
the quadratic combination (black hole potential) 

%H := \z^''Zab + Z'Zj (4.25) 

(the factor 1/2 is due to our summation convention that treats the AB indices as inde- 
pendent) is invariant under the symmetry group G. In terms of the charge vector 

Q^[Q, (4.26) 

we have the formula for the potential (also called charges sum rule) 

%H = \z^''Zab + Z'Z, = -^Q^M{Af)Q (4.27) 

where 

MiAf) = -{tV-ytV-^ = -{S-yS-^ (4.28) 

is a negative definite matrix, here depending on (poo- In Appendix 7.2 we show that the 
set of matrices of the kind SS^ with 5* G Sp{2n, M) are the coset space Sp{2n, R)/U{n), 
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hence the matrices A^ (A/") parametrize Sp{2n, M)/f/(n). Also the matrices A/" parametrize 
Sp{2n,M.)/U{n). The relation between M.{J\f) and N is 

•^^■^)=(o 1 ji ImA--Ol-ReA-]lj • ^^-29) 

This and further properties of the M.{N') matrix are derived in Appendix 7.2. 

For each of the supergravities with target space G/ H there is another G invariant 
expression S^ quadratic in the charges [63]; the invariant y is independent from the 
scalar fields of the theory and thus depends only on the electric and magnetic charges 
p^ and gA- In extremal black hole configurations vr^ is the entropy of the black hole. 
In the A = 3 supergravity theory y is the absolute value of a quadratic combination 
of the charges, while for A > 4 it is the square root of the absolute value of a quartic 
combination of the charges. The positive or negative value of this quadratic combination 
is related to the different BPS properties of the black hole. It turns out that y coincides 
with the potential Ybh computed at its critical point (attractor point) [43,45,63]. In 
the next section we give the explicit expressions of the invariants y. They are obtained 
by considering among the H invariant combination of the charges those that are also 
G invariant, i.e. those that do not depend on the scalar fields. This is equivalent to 
require invariance of y under the coset space covariant derivative V defined in Section 
3.5, see also KM\ . 

We now derive some differential relations among the central and matter charges. We 
recall the symmetric coset space geometry G/ H studied in Section 3.5, and in particular 
relations fl3.58p . (13.591) that express the Maurer-Cartan equation (ir + FAr = in terms 
of the vielbein P and of the Riemannian connection uj. Using the (local) embedding 
of G in Sp{2n, M) we consider the pull back on G/H of the Sp{2n, M) Lie algebra left 
invariant one form V~^dV given in (13.641) . we have 

V-i,V _ f ^iPdh - h^df) tipdh - hUf) \_f^V\ 

\-i{pdh-h'df) -i{pdh-h'df)) ~\Vuo) ' ^^-^^^ 

where with slight abuse of notation we use the same letters V , V and u for the pulled 
back forms (we also recall that V denotes P in the complex basis). Relation (I4.3UI) 
equivalently reads 

dV = v(;^). (4.31) 

that is equivalent to the n x n matrix equations: 

V/ = fV , (4.32) 

Vh = hV, (4.33) 
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where 

Vf = df- fu , Wh = dh-huj . (4.34) 

Recalling that V is symmetric (cf. fl7.30p ) we equivalently have V/ = Vf , V/i = Vh . 
In these equations we can now see uj and V as our data (vielbein and Riemannian 
connection) on a manifold M, while / and h are the unknowns. By construction these 
equations are automatically satisfied if M = G/H and G is a Lie subgroup of Sp{2n, M). 
More in general equations fl4.32p . (14.331) hold (with / and h invertible) iff the integrability 
condition, i.e. the Cartan-Maurer equation, d(^p^) + (p^) A (p^) = holds. With abuse 
of terminology we sometimes call (14.321) . (I4.33P the Maurer-Cartan equations. 

The differential relations among the charges Zab and Zj follow after rewriting (I4.32p , 
(I4.33P with AB and I indices. The embedded connection u and vielbein V are decom- 
posed as follows: 

the subblocks being related to the vielbein of G/H, written in terms of the indices of 
HAut X Hmatter- Wc uscd the foUowiug indices conventions: 

f={f\,) , r'={n) = {fMA) etc. (4.37) 

where in the last passage, since we are in U{n), we have lowered the index M with the 
U{n) hermitian form r] = (?7AfW") ^4- at-i „ ~ diag{l,l, ....1). Similar conventions hold 
for the AB and I indices, for example /^ = /^ = f^^. 

Using further the index decomposition M = [AB,I), relations (I4.32p . (I4.33P read 
(the factor 1/2 is due to our summation convention that treats the AB indices as inde- 
pendent): 

^fAB = IF'^^'Vcdab + f^jV^AB , (4.38) 

V/^Ib = Ih^'^'^'VcDAB + h^V^AB , (4.39) 

V/^- = ^F^'^'VcDl + f'Vjj , (4.40) 

Vh^j = h'^^^VcDl + h^'Vjj . (4.41) 

As we will see, depending on the coset manifold, some of the sub-blocks of (I4.36P can be 
actually zero. For A^ > 4 (no matter indices) we have that V coincides with the vielbein 
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Vabcd of the relevant GjH. Using the definition of the charges (21) we then get the 
differential relations among charges: VZjv/ = Zf^V^j^, where VZm = -sfp- d4>'oo~^N^^M^ 
with 0^ the value of the i-th coordinate of (poo £ GjH and 0oo = ^('^ = C)o). Explicitly, 
using the AB and / indices, 

WZab = ZiV\b + ^^^^PcDAB , (4.42) 

VZi = U^^'VabI + Z'Vj-j . (4.43) 

The geometry underlying the differential equation (I4.3ip is that of a flat symplectic 
vector bundle of rank 2n, a structure that appears also in the special Kahler manifolds 
of scalars of A^ = 2 supergravities. Indeed if we are able to flnd 2n linearly independent 
row vectors V^ = (V A)f=i,...2n then the matrix V in (14.311) is invertible and therefore the 
connection (p^) is flat. If these vectors are mutually symplectic then we have a sym- 
plectic frame, the transition functions are constant symplectic matrices, the connection 
is symplectic. 

In the present case we naturally have a flat symplectic bundle, 

GxhR^"" ^G/H; 

this bundle is the space of all equivalence classes [g,v] = {{gh, S{h)~^v) , g E G,v E 
M^", /i G H}. The symplectic structure on M?^ immediately extends to a well deflned 
symplectic structure on the flbers of the bundle. Using the local sections of G/H and 
the usual basis {e^} = {cm, ^^^} of M^" (ei is the column vector with with 1 as flrst and 
only nonvanishing entry, etc.) we obtain immediately the local sections s^ = [L(0),e^] 
of G Xj/ M^n ^ Qj^ gjn^^g ^Yie action of H on M^^ extends to the action of G on M^n^ 

we can consider the new sections e^ = sc_S~^{L{(j))y^ = [L{(f)),S~^{L{(j)))e^ , that are 

determined by the column vectors S^^{L{(j))) ^ = {S^^{L{(j))y ^(^=i^,,,2n- These sections 
are globally deflned and linearly independent. Therefore this bundle is not only flat, it 
is trivial. If we use the complex local frame V^ = {s^^ e} rather than the {s^} one (we 
recall that A = -^{JiTi A); cf. (17.51) ). then the global sections e^ are determined by the 



column vectors V~\L{(I))) ^ = {V-\L{(t)))'^ 



^)C=l,...2n, 



e^ = Vr,V-"' (4.44) 



The sections V^ too form a symplectic frame (a symplectonormal basis, indeed Y'l^paVZ = 
Q^^, where Q = (^"o^)); and the last n sections are the complex conjugate of the flrst 
n ones, {V^} = {Vm,Vm}. Of course the column vectors Vj^ = (^^)5=i,...2n, are the 
coefficients of the sections Vrj with respect to the fiat basis {e^}. 
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Also the rows of the V matrix define global fiat sections. Let's consider the dual 
bundle of the vector bundle G Xfj M^" -^ G/H, i.e. the bundle with fiber the dual 
vector space. If {s^} is a frame of local sections of G x^ M^" — > G/H, then {s^}, with 
(s'', sg) = 5j, is the dual frame of local sections of the dual bundle. Concerning the 
transition functions, if s^ = SnS^f then s'^ = S^ yS'^. This dual bundle is also a trivial 
bundle and a trivialization is given by the global symplectic sections e^ = V^V, whose 
coefficients are the row vectors V^ = (^ A)^=i,...2n i-e., the rows of the symplectic matrix 
V defined in ( KTM . 

V^ U (:=!,.. .2n ^ W Af)/ A~l)M=l,...n ' 

(^Ac)c=l,...2n = (^A^^' ^AM)M=l,...n " (4-45) 



4.2 Specific cases 

We now describe in more detail the supergravities of Table [TJ The aim is to write 
down the group theoretical structure of each theory, their symplectic (local) embedding 
S : G ^ Sp{2n,R) and M : G/H -> Sp{2n,R)/U{n), the vector kinetic matrix J\f, the 
supersymmetric transformation laws, the structure of the central and matter charges, 
their differential relations originating from the Maurer-Cartan equations (13. 581) . (13. 591) . 
and the invariants Ybh and ^. As far as the boson transformation rules are concerned 
we prefer to write down the supercovariant definition of the field strengths (denoted by 
a superscript hat), from which the supersymmetry transformation laws are retrieved. 
As it has been mentioned in previous section it is here that the symplectic sections 
U\bi f^v f\Bi f^i) appear as coefficients of the bihnear fermions in the supercovariant 
field strengths while the analogous symplectic section (/^aab, ^aJ, ^aab, ^a/) would ap- 
pear in the dual magnetic theory. We include in the supercovariant field strengths also 
the supercovariant vielbein of the G/H manifolds. Again this is equivalent to giving the 
susy transformation laws of the scalar fields. The dressed field strengths from which the 
central and matter charges are constructed appear instead in the susy transformation 
laws of the fermions for which we give the expression up to trilinear fermion terms. We 
stress that the numerical coefficients in the aforementioned susy transformations and 
supercovariant field strengths are fixed by supersymmetry (or, equivalently, by Bianchi 
identities in superspace), but we have not worked out the relevant computations be- 
ing interested in the general structure rather that in the precise numerical expressions. 
These numerical factors could also be retrieved by comparing our formulae with those 
written in the standard literature on supergravity and performing the necessary redefi- 
nitions. The same kind of considerations apply to the central and matter charges whose 
precise normalization has not been fixed. 
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Throughout this section we denote by A,B,. . . indices of SU{N), SU{N) x f/(l), 
being Haut the automorphism group of the A^-extended supersymmetry algebra. Lower 
and upper SU{N) indices on the fermion fields are related to their left or right chirality 
respectively. If some fermion is a SU{N) singlet, chirality is denoted by the usual (L) 
or (R) suffixes. 

Furthermore for any boson field v carrying SU{N) indices we have that lower and 
upper indices are related by complex conjugation, namely: {vab-) = v^^'". 

4.2.1 The A^ = 4 theory 
The field content is given by the 

— Gravitational multiplet (vierbein for the graviton, gravitino, graviphoton, dilatino, 
dilaton) : 

(y;, ^A„ Af, XABC. ^) (A, 5 = 1, ■ ■ ■ , 4) (4.46) 

frequently the upper half plane parametrization S = mis used for the axion-dilaton field. 

— Vector multiplets: 

(A^,A^6 0)^ (/=l,---,n) (4.47) 
The coset space is the product 

g[/(l,l) gO(6,n) 

^'^ - -fToT 5(0(6) X 0{n)) ^^-^^^ 

We have to embed 

Sp(2, M) X 50(6, n) -^ Sp{2{Q + n), M) . (4.49) 

We first consider the embedding of SO{Q,n), 

S: 50(6, n) -^ 5j9(2(6 + n),M) 

^-5(^)=(^o'°) (4.50) 

we see that under this embedding 50(6, n) is a symmetry of the action (not only of 
the equation of motions) that rotates electric fields into electric fields and magentic 
fields into magnetic fields. The natural embedding of SU{1, 1) ~ 5L(2,M) ~ 5p(2, M) 
into 5p(2(6 + n), R) is the 5-duality that rotates each electric field in its corresponding 
magnetic field, we also want the image of 5p(2, M) in 5p(2(6 + n), M) to commute with 
that of 50(6, n) (since we are looking for a symplectic embedding of all 5p(2,M) x 
50(6, n)) and therefore we have 

5:5p(2,M) -^ 5p(2(6 + n),R) 
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where t] = diag{l, 1, ..., —1, —1, ...) is the 5*0(6, n) metric. 

Concerning the coset representatives, on one hand we denote by L{t) the represen- 
tative in S0{6,n) of the point t G SO{6,n)/S{0{6) x 0{n)). On the other hand we 
have that SU{1,1)/U{1) ~ Sp{2,'R)/U{l) is the lower half plane (see appendix) and 
is spanned by the complex number at with Im aa < 0, (frequently the upper half plane 
parametrization S = n- is used). A coset representative of SU{1, l)/f/(l) is 



*-^\ / ^4ini^ 



(In order to show that the SU{1, 1) matrix U^at) projects to at use (I7.13P and (17.191) . 
that reads m = hf^^ with h and / complex numbers). The coset representative U{m) is 
defined for any m in the lower complex plane and therefore U{Af) is a global section of 
the bundle 5f/(l, 1) -^ SU{1, 1)/U{1). (The projection SU{1, 1) -^ SU{1, 1)/U{1) can 
be also obtained by extracting ^ from M{m) = (?^^)^[/[/U-i(°i J) , cf. (^7^ ). 

With the given coset parametrizations the symplectic embedded section ( ^^^ j is 



/^AE = (/^AAB, M = ^ (-^^ V, ^^^^/) (4-53) 

We now have all ingredients to compute the matrix A/" in terms of m and L. The 
coset representative in Sp{2{6 + m),M) of {m,L) is 5'(^f/(Ar).4~"'^)S'(L), and recalling 
that A/" = hf~^ and (I3.62p . we obtain after elementary algebra the kinetic matrix 

A/' = ReA/' + zImA/' = ReAArz + zImA^LL* . (4.54) 

The supercovariant field strengths and the vielbein of the coset manifold are: 

+ fhc3^^1aX'AV'' + C4X^^^7abA^^e^BCDl""l"') + k.c] (4.55) 

P = r- ^AXBCDe^'''"' (4.56) 

Kb = Kb - (V^^Ai + tABCDi'''^''') (4.57) 

(4.58) 

where V = Vj^dM and P^^ = V^^^dcj)^ are the vielbein of ^|-^l ' and s(o(6)xO(n')) 
respectively. The fermion transformation laws are: 

6ijA = DeA + aiTAB^uYY''e''Va + ■■■ (4.59) 

SXABC = a2Vj^d^M-f^'e^eABCD + a3T[AB ,^ul^'' ^c] + ■■■ (4.60) 

(5Ai = a,P'^^^da(l>'re^ + a.T-jY'eA + ■■■ (4.61) 
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Table 2: Group assignments of the fields in D = 4, A^ = 4 





v; 


V'AIm 


A^: 


Xabc 


A/A 


f/(^)L^^ 


U{M)Lf 


i?H 


SU{1,1) 


1 


1 


- 


1 


1 


2x 1 


2x 1 


- 


S0{6,n') 


1 


1 


6 + n' 


1 


1 


1 X (6 + n') 


1 X (6 + n') 


- 


SO{Q) 


1 


4 


1 


4 


4 


1 X 6 


1 


6 


SOin') 


I 


1 


I 


1 


n' 


1 


n' 


n' 


f/(l) 





1 

2 





2 


1 

2 


1 


1 






In this and in the following tables, Rh is the representation under which the scalar fields 
of the linearized theory, or the vielbein V of G/ H of the full theory transform (recall 
text after Ii3.55\) and that V is P in the complex basis). Only the left-handed fermions 
are quoted, right handed fermions transform in the complex conjugate representation 
of H. Care must be taken in the transformation properties under the H subgroups; 
indeed according to ( 14.171) the inverse right rep. of the one listed should really appear, 
i.e. since we are dealing with unitary rep., the complex conjugate 



where the 2-fornis Tab and T/ are defined in eq. fl4.2ip . By integration of these two- 
forms we find the central and matter dyonic charges given in equations (14.231) . (14.241) . 
/^From the equations (I4.32p . (l4.33p for /, h and the definitions of the charges one easily 
finds: 



^SOin')z^^^2^B^IAB + ZjV 



(4.62) 
(4.63) 



where ^EabcdZ'"^ = Zab- In terms of the kinetic matrix (I4.53P the invariant i^n for 



the charges is given by, cf. (14.270 . 



%H = ^ZabZ^"" + ZiZ' = - Q*M{U)Q . 



(4.64) 



The unique SU{1, 1) x SO{Q,n') invariant combination of the charges that is inde- 
pendent from the scalar fields is /^ — I2I21 so that 



y 



Il-l2h\ . 



(4.65) 



Here, Ji, I2 and I2 are the three 5*0(6,77.') invariants given by 



Ii = -ZabZ 



^^ - Z:Z' 



l2 = -e 

4 



abcd 



ZabZcd — ZjZ 



(4.66) 
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4.2.2 The A^ = 3 theory 

In the A^ = 3 case [64] the coset space is: 



G/H 



5f/(3,n') 



5(f/(3) X U{n')) 



(4.67) 



and the field content is given by: 



(y^", iJA^,, A^^, X(L)) A = 1,2,3 (gravitational muhiplet) (4.68) 

{A^, Xa, X(R),Sz)^ I = l,...,n' (vector multiplets) (4.69) 

The transformation properties of the fields are given in Table El We consider the (local) 



Table 3: Transformation properties of fields in D = 4, A^ = 3 





v,^ 


^Am 


4 


X(L) 


Ai 






L^ 


Rh 


SU{3,n') 


1 


1 


3 + n' 


1 


1 


1 


3 + n' 


3 + n' 


- 


SU{3) 


1 


3 


1 


1 


3 


1 


3 


1 


3 


SU{n') 


1 


1 


1 


1 


n' 


n' 


1 


n' 


n' 


f/(l) 





n' 
2 





"^2 


3+f 


-3(1 + f) 


n' 


-3 


3 + n' 



embedding of SU{3,n') in 5*^(3 + n',M) defined by the following dependence of the 
matrices / and h in terms of the G/H coset representative L, 



/ S — ~~^\^ ABi^ i) 
hAT. = 






L3x3 U 

—In'xn' 



(4.70) 

(4.71) 



where AB are antisymmetric SU{3) indices, / is an index of SU{n') and L\ denotes 
the complex conjugate of the coset representative. We have: 

ATas = (/i/-')As = -i{rifr^r^)A^ (4.72) 

The supercovariant field strengths and the supercovariant scalar vielbein are: 



F"- = dA^+[ \fr\\ia^l^^V- - IfL^^r + ^/^BX(/?)7a^ce^^^^'^ + h.c] 



ABC 



p/ = p/ - y^^ce^-- - A,(«)V^ 



(4.73) 
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where the only nonvanishing entries of the vierbein V are 

Vt = \e^''''ViBc = Vt, dz' (4.74) 

z^ being the (complex) coordinates of G/H. The chiral fermions transformation laws 
are given by: 

Si^A = DeA + 2*r^^^,7^'^'^Ke^ + • • • (4.75) 

6xiL) = 1/2 T^B.ur^^ce^'''' + ■■■ (4.76) 

6XjA = -tVj'',d^z're''eABC + Ti.^Y'eA + ■■■ (4.77) 

6Xl)=^VA^,z'reA + ■■■ (4.78) 

where Tab and Tj have the general form given in equation (14.211) . /^From the general 
form of the equations (I4.32p . (14.331) for / and h we find: 

^Iab = I^V'ab , (4.79) 

Wh^B = h\V'AB , (4.80) 

V/^j = ^/^^^PcD/ , (4.81) 

Vh^j = h^'^^'VcDi . (4.82) 

According to the general study of Section 4.1, using (14.231) . (I4.24p one finds 

V^'^^Zab = Z'Vj^eABC (4.83) 

V(^)Z, = U^^V.'^eABC (4.84) 

and the formula for the potential, cf. (I4.27p . 

%H = \z^''Zab + Z'Zi = -]^Q'M{N)Q (4.85) 

where the matrix M. (A/") has the same form as in equation (I4.29P in terms of the kinetic 
matrix N of equation (14.720 . and Q is the charge vector Q = {f). 

The G = SU{3, n') invariant is Z^Za — ZiZ^ (one can check that di{Z^Z a — Z iZ^^ = 
vf\z^ZA - ZjZ^) = 0) so that 

^ = IZ'^Za - ZjZ^l . (4.86) 
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4.2.3 The A^ = 5 theory 

For N > A the only available supermultiplet is the gravitational one, so that -^matter = 1- 
The coset manifold of the scalars of the N = 5 theory [33] is: 



G/H 



SU{5,1) 



(4.87) 



The field content and the group assignments are displayed in Table HI 



Table 4: Transformation properties of fields in D = 4, A^ = 5 





ya 


i^A; 


X ABC, XL 


A^^ 


LI 


Rh 


5f/(5,l) 


1 


1 


1 


- 


6 


- 


5f/(5) 


1 


5 


(10,1) 


I 


5 


5 


f/(l) 





1 

2 


^2' 2) 





1 


2 



In Table S] the incides x,y, . . . = 1, . . . , 6 and A,B,C,... = 1, . . . , 5 are indices 
of the fundamental representations of 5*^(5,1) and SU{5), respectively. L^ denotes 
as usual the coset representative in the fundamental representation of SU{5,1). The 
antisymmetric couple AS, A, S = 1, . . . , 5, enumerates the ten vector potentials. The 
local embedding of SU{5, 1) into the Gaillard-Zumino group Usp{10, 10) is given in terms 
of the three-times antisymmetric representation of 5^7(5,1), this is a 20 dimensional 
complex representation, we denote by t^^^ a generic element. This representation is 
reducible to a complex 10 dimensional one by imposing the self-duality condition 






(4.88) 



here indices are raised with the SU{5, 1) hermitian structure t] = diag{l, 1, 1, 1, 1, —1). 
The self duality condition (14.881) is compatible with the SU{5, 1) action (on i^^^ acts the 
complex conjugate of the three-times antisymmetric of SU{5, 1)). Due to the self-duality 
condition we can decompose t^^^ as follows: 



^xyz 



^AE6 
^-AE6 



(4.89) 



where (A, S 

^AE6 



-f 6 



• = 1, • ■ ■ ,5). In the following we set t^^ = t^^^, t^^ = t^^^ Ue = 
The symplectic structure in this complex basis is given by the matrix 
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-1 

1 



.xyz fuvw (A Qi \ 



3!3! 



this last equality implies that the SU{b, 1) action preserves the symplectic structure. 
We have thus embeddeco SU{5, 1) into Sp{20, M) (in the complex basis). 

The 20 dimensional real vector (-F^^,Gae) transforms under the 20 of SU{5, 1), as 

/ rAE \ 

well as, for fixed AB, each of the 20 dimensional vectors ( /^ '^^ ) of the embedding 
matrix: 

The supercovariant field strengths and vielbein are: 

F^^ = dA^^ + [rV(«iV^^^'' + a2i'claX^''''vn + h.c] (4.93) 

VaBCD = VaBCD - X[ABci^D] - ^ABCDEX^^^Ip^ (4.94) 

where Vabcd = ^abcdf'P^ is the complex vielbein, completely antisymmetric in SU{5) 

indices and Vabcd = V^^^^ . 

The fermion transformation laws are: 

5ijA = DeA + asTAB^u7''l^''e''Va + ■■■ (4.95) 

SXABC = a^VABCDid^cf^'Ye'' + a^T^AB ^.ul^'' ec] + ■■■ (4.96) 

5X(L) = aeP-"^^^, d.^'^^e'^e ABODE + ■■■ (4.97) 

where: 

Tab = \{h^,iABF^^ - /^^b^ae) (4.98) 

ATae An = \hK^ABU~Ylii ■ (4.99) 

With a by now familiar procedure one finds the following (complex) central charges: 

tV{^~^Q (4.100) 



'AB 



^Strictly speaking we have immersed SU{5, 1) into Sp{20,R), in fact this map is a local embedding 
but fails to be injective, indeed the three SU{5,1) elements s/Tl are all mapped into the identity 
element of 5^(20, R). 
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where the charge vector is 

o=ff)=ftfri (4.101) 

\ gAE y \ 4^^ J52 Gas 

and 0OO is the constant value assumed by the scalar fields at spatial infinity. /^From the 
equations (Maurer-Cartan equations) 

V(^(^«ni. = ^/^^^''P^i.CD (4.102) 

and the analogous one for h we find: 

V(^(5))Z^B = ^Z^^Pabcd . (4.103) 

Finally, the formula for the potential is, cf. fl4.27p . 

%H = \z^''Zab = -\q'M[M)Q (4.104) 

where the matrix Ai^M) has exactly the same form as in equation (14.291) . and M is 
given in fl4.99p . 

For SU{b, 1) there are only two f/(5) quartic invariants. In terms of the matrix 
A/ = ZacZ^^ they are: 

TrA = ZabZ^^ , Tr(A2) = ZabZ^^ ZcdZ^"^ ■ (4.105) 

The S'[/(5, 1) invariant expression is 

^ = l^|4Tr(A2)-(TrA)2| . (4.106) 

4.2.4 The iV = 6 theory 

The scalar manifold of the A^ = 6 theory has the coset structure [65]: 

We recall that S0*{2n) is the real form of 0{2n, C) defined by the relation: 

LtCL = C, C=[\~^\ (4.108) 
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Table 5: Transformation properties of fields in D = 4, A^ = 6 





ya 


i^A 


Xabc, Xa 


A^ 


S^ 


Rh 


50^(12) 


1 


1 


1 


- 


32 


- 


SUiQ) 


1 


6 


(20 + 6) 


1 


(15,1) + (15,1) 


15 


U{1) 





1 

2 


l2' 2) 





(1,-3) + (-1,3) 


2 



The field content and transformation properties are given in Table [5], where A,B,C = 
1, ■ ■ ■ ,6 are SU{Q) indices in the fundamental representation and A = 1, ■ ■ ■ ,16. The 32 
spinor representation of S'0*( 12) can be given in terms of a 5'|j(32,M) matrix, which in 
the complex basis we denote by S"^ (a, r = 1, ■ ■ ■ , 32). It is the double cover of S'0*(12) 
that embeds in S'p(32, M) and therefore the duality group is this spin group. Employing 
the usual notation we may set: 






(f: 



j^i + ih\M f M + ih^M 



a/2 V /m - ^hxM f M - ih 



KM 



(4.109) 



16. With respect to SU{Q), the sixteen symplectic vectors (/V? ^ 



AM 



where A, M = 1, ■ 

(M = 1, ■ ■ ■ , 16) are reducible into the antisymmetric 15 dimensional representation plus 

a singlet of SU{Q): 

ifti, hAM) - ( Ab, hAAB) + (/^ hA) ■ (4.110) 



It is precisely the existence of a SU{6) singlet which allows for the Special Geometry 
structure of ^.L ' (cf. (15. 71 p . (I5.72l) 1-'^°l. Note that the element S^ has no definite 

f/(l) weight since the submatrices Z^^, /^ have the weights 1 and —3 respectively. The 
vielbein matrix is 

I Vabcd Vab \ 

\ VcD J ' 

where 

VAB = ^eABCDEFV''''^^; P^^=V^. (4.112) 



V 



(4.111) 



4! 



The supercovariant field strengths and the coset manifold vielbein have the following 
expression: 

F^ = dA"- + [f'-AsM^i^'' + a^iJclaX^'^'^Vn 

+a3f''i^clax''V'' + h.c] (4.113) 

Vabcd = Vabcd - X[ABci^D] " (^abcdefX^^^ (4.114) 



^''Due to its Special Geometry structure the coset space „A, ' is also the scalar manifold of an 
N = 2 supergravity. The two supergravity theories have the same bosonic fields however the fermion 
sector is different. 
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The fermion transformation laws are: 

5iljA = Dea + hTAB,ul''r''e^Va + ■■■ (4.115) 

^XABC = b2VABCDidaz'Ye'' + hT[ABabY'ec] + ■■■ (4.116) 

5XA = hV''''''^Az're^eABCDEF + hTat^'eA + ■■■ (4.117) 

where according to the general definition fl4.21j) : 

Tab = hjyABF — f ab^a 

f = /iaF^ - /^Ga (4.118) 

With the usual procedure we have the following complex dyonic central charges: 

Zab = hAABp"" - IabQa (4.119) 

Z = fiAp^ - /^gA (4.120) 

in the 15 (recall 04.19P ) and singlet representation of 5^7(6) respectively. Notice that 
although we have 16 graviphotons, only 15 central charges are present in the supersym- 
metry algebra. The singlet charge plays a role analogous to a "matter" charge (hence 
our notation Z, f^, Jia). The charges differential relations are 

V^^^'^^Zab = Iz^^'Vabcd + IzeABCDEFV'^''^^ (4.121) 

V(^(^))Z = ±^Z^^eABCDEFV''''^^ (4.122) 
and the formula for the potential reads, cf. (I4.27p . 

%H = \z^''Zab + ZZ = -Iq*M{M)Q . (4.123) 

The quartic f/(6) invariants are 

h = {TrAf (4.124) 

I2 = TriA^) (4.125) 

h = ^Re {e^'^'^^'^^ZABZcDZEFZ) (4.126) 

h = {TrA)ZZ (4.127) 

h = Z'^Z'^ (4.128) 

where A^ = ZacZ^^ ■ The unique S'0*(12) invariant is 

y = ^ V|4/2 - Ji + 32/3 + 4J4 + 4/5I . (4.129) 
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4.2.5 The N = 8 theory 

In the A^ = 8 case [5] the coset manifold is: 

G/H 



E' 



7(7) 



5f/(8)/Z2' 
The field content and group assignments are given in Table El 



(4.130) 



Table 6: Field content and group assignments in D = 4, A^ = 8 supergravity 





ya 


IpA 


A^^ 


Xabc 


S^ 


Rh 


Eju) 


1 


1 


- 


1 


56 


- 


SU{8) 


1 


8 


1 


56 


28 + 28 


70 



The embedding in Sp{56, M) is automatically realized because the 56 defining repre- 
sentation of -£'7(7) is a real symplectic representation. The components of the / and h 
matrices and their complex conjugates are 



pAE 



/ AB 5 h\Y.AB , /as 



AB 



h 



AT,AB 



(4.131; 



here AS, AB are couples of antisymmetric indices, with A, S, A, B running from 1 to 
8. The 70 under which the vielbein of G/H transform is obtained from the four times 
antisymmetric of SU{8) by imposing the self duality condition 



tABCD 



ABCD 



4! 



A'B'C'D 



,t 



A'B'C'D' 



The supercovariant field strengths and coset manifold vielbein are: 



V 



ABCD 



V 



ABCD 



XlABci'D] + h.c. 



(4.132) 



(4.133) 
(4.134) 



where Vabcd = ieABCDEFcnP^^^'' = {L-^V^^^^^L)abcd = VABCD^d^' (0* coordi- 
nates of G/H). In the complex basis the vielbein Vabcd of G/H are 28 x 28 matrices 
completely antisymmetric and self dual as in (14.1321) . The fermion transformation laws 
are given by: 



Si^A = DeA + a^TAB^ul^'l^'e^'Va + ■■■ 
Sxabc = aJ^ABCDida(p'l''e^ + a^T[AB f.ul^" ec\ + 



where: 



Tab 



ih 



AI^AB-i 



:iAS 



/ ab^'as) 



(4.135) 
(4.136) 

(4.137) 
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with: 

A^AsrA = ^h^j^ABirYfA ■ (4.138) 

With the usual manipulations we obtain the central charges: 

Zab = lihAj^ABp""^ - /^ab^ae), (4.139) 

the differential relations: 

V'''^'^Zas = Iz^'^Vabcd (4.140) 

and the formula for the potential, cf. f l4.27p . 

%H = \z^''Zab = -\q'M{N)Q (4.141) 

where the matrix Ai{Af) is given in equation fl4.29p . and Af in fl4.138p . 
For N = 8 the SU{8) invariants are 

h = (TrAf (4.142) 

I2 = Tr{A^) (4.143) 

h = PfZ= ^e^^^'^^^o^ZABZcDZEpZcH (4.144) 

where PfZ denotes the Pfaffian of the antisymmetric matrix {Zab)a,b=i,...8, and where 
Aj^ = ZacZ'"^. One finds the following -^7(7) invariant [44]: 

y= -^\ATt{A'^) - {Tr Ay + 32Re {Pf Z)\ (4.145) 

For a very recent study of -£^7(7) duality rotations and of the corresponding conserved 
charges see [66]. 



4.2.6 Electric subgroups and the D = A and A^ = 8 theory. 

A duality rotation is really a strong-weak duality if there is a rotation between electric 
and magnetic fields, more precisely if some of the rotated field strengths F''^ depend on 
the initial dual fields G^, i.e. if the submatrix 5 7^ in the symplectic matrix (c'B)- 
Only in this case the gauge kinetic term may transform nonlinearly, via a fractional 
transformation. On the other hand, under infinitesimal duality rotations (qS) + (cd)' 
with 6 = 0, the lagrangian changes by a total derivative so that (in the absence of 
instantons) these transformations are symmetries of the action, not just of the equation 
of motion. Furthermore if c = the lagrangian itself is invariant. 
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We call electric any subgroup G^ of the duality group G with the property that it 
(locally) embeds in the symplectic group via matrices (^^) with 5 = 0. The parameter 
space of true strong- weak duality rotations is G jGe- 

The electric subgroup of Sp{2n, M) is the subgroup of all matrices of the kind 

A n \ 

we denote it by Spe{2n,'R). It is the electric subgroup because any other electric sub- 
group is included in Spe{2n, M). This subgroup is maximal in Sp{2n, M) (see for example 
the appendices in [50,68]). In particular if an action is invariant under infinitesimal 
Spe{2n,M.) transformations, and if the equations of motion admit also a 7r/2 duality 
rotation symmetry F^ -^ G^, G^ -^ —F^ for one or more indices A (no transformation 
on the other indices) then the theory has Sp{2n, M) duality. 

It is easy to generalize the results of Section 2.2 and prove that duality symme- 
try under these 7r/2 rotations is equivalent to the following invariance property of the 
lagrangian under the Legendre transformation associated to F^, 

Cd{FM') = C{FM) . (4.147) 

where Af' = (C + DJ\f){A + BAf)^^ are the transformed scalar fields, the matrix (^£) 
implementing the 7r/2 rotation F^ — > G^^ G^ — >■ —F^. We conclude that Sp{2n, M) 
duality symmetry holds if there is Spe{2n,M.) symmetry and if the lagrangian satisfies 
(141^711 . 

When the duality group G is not Sp{2n, M) then there may exist different maximal 
electric subgroups of G, say Ge and G'^. Consider now a theory with G duality symmetry, 
the electric subgroup Gg hints at the existence of an action S = j C invariant under the 
Lie algebra Lie(Ge) and under Legendre transformation that are n/2 duality rotation 
in G. Similarly G'^ leads to a different action S' = j C that is invariant under Lie{G'^) 
and under Legendre transformations that are tt/2 duality rotation in G. The equations 
of motion of both actions have G duality symmetry. They are equivalent if C and C 
are related by a Legendre transformation. Since C'{F,Af') ^ C{F,Af), this Legendre 
transformation cannot be a duality symmetry, it is a 7r/2 rotation F^ — > G^, G^ -^ —F^ 
that is not in G, this is possible since G ^ Sp{2n,M.). 

As an example consider the Ge = SL{8, M) symmetry of the N = 8, D = A supergrav- 
ity lagrangian whose duality group is G = £'7,(7) this is the formulation of Cremmer- Julia. 
An alternative formulation, obtained from dimensional reduction of the D = 5 super- 
gravity, exhibits an electric group G'^ = [-^6,(6) x S0{1, 1)] KT27 where the nonsemisimple 
group Gg is realized as a lower triangular subgroup of -£7,(7) in its fundamental (sym- 
plectic) 56 dimensional representation. Gg and G'^ are both maximal subgroups of £'7(7). 
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The corrseponding lagrangians can be related only after a proper duality rotation of 
electric and magnetic fields which involves a suitable Legendre transformation. 

A way to construct new supergravity theories is to promote a compact rigid electric 
subgroup symmetry to a local symmetry, thus constructing gauged supergravity models 
(see for a recent review [67], and references therein). Inequivalent choices of electric sub- 
groups give different gauged supergravities. Consider again D = 4, N = 8 supergravity. 
The maximal compact subgroups of Gg = SL{8, R) and of G'^ = [-^6,(6) x 5*0(1, 1)] k T27 
are S0{8) and 5^(8) = f/(16) fl 5*^(16, C) respectively. The gauging of 50(8) corre- 
sponds to the gauged N = 8 supergravity of De Witt and Nicolai [33] . As shown in [34] 
the gauging of the nonsemisimple group f/(l) x T27 C G'^ corresponds to the gauging of 
a flat group in the sense of Scherk and Schwarz dimensional reduction [35], and gives 
the massive deformation of the A^ = 8 supergravity as obtained by Cremmer, Scherk 
and Schwarz [36]. 



5 Special Geometry and N = 2 Supergravity 

In the case of A^ = 2 supergravity the requirements imposed by supersymmetry on 
the scalar manifold Mscaiar of the theory dictate that it should be the following direct 
product: Mscaiar = M X M*^ whcrc M is a special Kahler manifold of complex dimension 
n and M^ a quaternionic manifold of real dimension Ann, here n and uh are respectively 
the number of vector multiplets and hypermultiplets contained in the theory. The 
direct product structure imposed by supersymmetry precisely reflects the fact that the 
quaternionic and special Kahler scalars belong to different supermultiplets. We do not 
discuss the hypermultiplets any further and refer to [77] for the full structure of N=2 
supergravity. Since we are concerned with duality rotations we here concentrate our 
attention to an A^ = 2 supergravity where the graviton multiplet, containing besides the 
graviton g^^, also a graviphoton A°, is coupled to n' vector multiplets. Such a theory 
has a bosonic action of type (14. ip where the number of (real) gauge fields is n = 1 + n' 
and the number of (real) scalar fields is 2n'. Compatibiliy of their couplings with local 
N = 2 supersymmetry lead to the formulation of special Kahler geometry [75], [76]. 

The formalism we have developed so far for the D = A, N > 2 theories is completely 
determined by the (local) embedding of the coset representative of the scalar manifold 
M = G/H in Sp{2n,'R). It leads to a fiat -actually a trivial- symplectic bundle with 
local symplectic sections V^, determined by the symplectic matrix V, or equivalently 
by the matrices / and h. We want now to show that these matrices, the differential 
relations among charges and their quadratic invariant i^n (14.271) are also central for 
the description of A^ = 2 matter-coupled supergravity. This follows essentially from 
the fact that, though the scalar manifold M of the N = 2 theory is not in general a 
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coset manifold, nevertheless, as for the N > 2 theories, we have a fiat symplectic bundle 
associated to M, with symplectic sections V^. While the formalism is very similar there 
is a difference, the bundle is not a trivial bundle anymore, and it is in virtue of duality 
rotations that the theory can be globally defined on M. 

In the next section we study the geometry of the scalar manifold M and in detail its 
associated flat symplectic bundle. Then in Section 5.2 we see how, in analogy with N > 2 
supergravities, the fiat symplectic bundle geometry of M enters the supersymmetry 
transformations laws of iV = 2 supergravity and the differential relations among the 
matter and central charges. 

5.1 Special Geometry 

There are two kinds of special geometries: rigid and local. While rigid special Kahler 
manifolds are the target space of the scalar fields present in the vector multiplets of A^ = 
2 Yang Mills theories, the (local) special Kahler manifolds, in the mathematical literature 
called projective special Kahler manifolds, describe the target space of the scalar fields 
in the vector multiplets of A^ = 2 supergravity (that has local supersymmetry). In 
order to describe the structure of a (local or projective) special Kahler manifold it is 
instructive to recall that of rigid Kahler manifold. 

5.1.1 Rigid Special Geometry 

In short a rigid special Kahler manifold is a Kahler manifold M that has a flat connection 
on its tangent bundle. This connection must then be compatible with the symplectic 
and complex structure of M. 

More precisely, following [49], see also [50], a rigid special Kahler structure on a 
Kahler manifold M with Kahler form i^ is a connection V that is real, flat, torsionfree, 
compatible with the symplectic structure u: 

Vcu = (5.1) 

and compatible with the almost complex structure J of M: 

d^J = (5.2) 

where dy : Q^{TM) -^ Q'^{TM) is the covariant exterior derivative on vector- valued 
forms. Explicitly, if J = J^ d^ where J^ are 1-forms, and V(9^ = A^d(^, with A ^ 1- 

forms, then d\jj = dJ^ d^ — J^ A A''^ di^ = {dJ^ + A^^ AJ'^)d^. Notice that the torsionfree 
condition can be similarly written d\rl = 0, where / is the identity map in TM, locally 
/ = dx^ ® d^. The two conditions d^J = 0, d^I = for the real connection V can be 
written in the complexified tangent bundle simply as 

d^Ti^'^ = , (5.3) 
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where vr^'" is the projection onto the (1,0) part of the complexified tangent bundle; 
locally 7r^'° = dz' ® -£i. 

The flatness condition is equivalent to require the existence of a covering of M with 
local frames {e^} that are covariantly constant, Ve^ = 0. The corresponding transition 
functions of the real tangent bundle TM are therefore constant invertible matrices; 
compatibility with the symplectic structure, equation fIS.ip . further implies that these 
matrices belong to the fundamental of Sp{2n,M.), where 2n is the real dimension of M 
(each frame {e^} can be chosen to have mutually symplectic vectors e^). 

Flatness of V (i.e., the vanishing of the curvature i?v or equivalently d^ = 0) implies 
that (15. 3p is equivalent to the existence of a local complex vector field ^ that satisfies 

Ve = vr^'O (5.4) 

[hint: in a fiat reference frame ciy = d^ and Poincare lemma for d implies that any 
(iv-closed section is also dy-exact] . Studying the components of this vector field (with 
respect to a fiat Darboux coordinate system) we obtain the existence of local holomor- 
phic coordinates on M, called special coordinates, their transition functions are constant 
Sp{2n, M) matrices, so that the holomorphic tangent bundle TM is a fiat symplectic 
holomorphic one. Corresponding to these special coordinates we have a holomorhic 
function ^, the holomorphic prepotential. In terms of this data the Kahler potential 
and the Kahler form read 

/C = -lm{^z')dz' A dz^ , (5.5) 

K = iddfC = -lm(^^^)dz' A dz^ = -lm(Ti.)dz' A dz^ , (5.6) 

where z* are special coordinates, and Tj^ = -^i§^- 

An equivalent way of characterizing rigid special Kahler manifolds is via a holomor- 
phic symmetric 3-tensor C. This tensor measures the difference between the symplectic 
connection V and the Levi-Civita connection D, whose connection coefficients we here 



denote 7^^- and 7-. 
Define 






Vm = 


V- 


The nonvanishing components 


ofP, 


I are 






Ak . 


-7' 


Ak 





D 



0^ , 4 ' (5-7) 

this is so because the components A of the connection V are constrained by condition 
fl5.3|) . Since D and V are real and torsionfree we further have that the lower indices in 

(15.71) are symmetric, and the reality conditions Af- — jf- = A~ — 7-, A~ = A~. Since 
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both D and V are symplectic we have that for any vector u G T^M, (Vm.)u '■ T^M — > 
TjnM is a generator of a symlectic transformation, 

u{K{v, w)) = Du{K{v, w)) = K{D^v, w) + K{v, D^w) 
u{K{v, w)) = Vu{K{v, w)) = K{VuV, w) + K{v, Vuw) 

= K{{V^)uV, w) + K{v, {V^)uw) . (5.8) 

If we set u = dk, V = di, w = Bj, and use that if is a (1, l)-form, we obtain 



Then the components of 



4 - 7f, = . (5.9) 



v^ = v + v 



are iust A% and A~. This leads to define the tensor 

Cijk = -igaA^ . (5.10) 

Setting u = dk, V = di, w = dj in 05.81) we obtain that Cijk is totally symmetric in its 
indices. Since DjTt^^'^^ = we easily compute, recalling (15. 4p . Cijk = ~(Vj^, VjVfc^), 
hence we obtain the coordinate independent expression for C = Cijkdz'' ® dz^ ® dz'', 

C = -(Ve,VVO. (5.11) 

Flatness oi V = D + Vr, i.e. d^ = 0, is equivalent to 

R + dDV + dDV + rAr + VAV = o (5.12) 

where R = dfj is the Levi-Civita curvature and d^/V is the exterior covariant derivative 
action on the 1-form V with values in T^M^T^M (where T^M is the complexified cotan- 
gent bundle). Now in flET^ . the term R + PAV + PAP e n^^'^\M, End{TcM,TcM)), 
i.e., this term maps T^^'^^M (or T^^'^^M) vectors into (l,l)-forms valued in T^^'^^M (or 
T(°'^)M). On the other hand P G n{End{TcM,T^)), in particular it maps T^^'^^M 
vectors into forms valued in T^^'^^M, and annihilates T^^'^^M vectors (hence P AP = 0). 
Similar properties hold for the complex conjugate P, with T^^''^^M replaced by T^'^'^^'M, 
and for djjP and dnP. It follows that equation (I5.12p is equivalent to two independent 
equations, 

R + P AP + P AP = (5.13) 

doP = . (5.14) 

Since the covariant derivative of the metric vanishes, this last equation is equivalent to 
dnC = 0. In local coordinates we have 

dCej - -i\ A Ckj - 7'- A Cfc = . (5. 15) 

64 



where Cij = Cikjdz^. This equation sphts in the condition 

aC = , (5.16) 

so that C is holomorphic, and the condition dcC = 0, that can be equivalently written 

D,C,=DjQ (5.17) 

where d is the matrix Q = {Cm)k/=i,...n, i.e., Q G f]°(M,T*(^'°)M®T*(^'°)M), so that 
Di is the covariant derivative on functions valued in T*^^'^'M T*^^'^'M. 
The local coordinates expression of (I5.13P is 

^ijM = ~C'tksg ^pjt ■ (5.18) 

In conclusion a rigid special Kahler structure on M implies the existence of a holo- 
morphic symmetric 3-tensor (cubic form) C that satisfies (15.131) and (15.171) . 

Viceversa if a Kahler manifold M admits a symmetric holomorphic 3-tensor C that 
satisfies (I5.13P and (15.171) . then M is a special Kahler manifold. Indeed the contraction 
of C with the metric gives P, so that we can define V = -D — Pr. The symmetry of 
C implies that d^n^'^ = so that V is torsionfree and compatible with the complex 
structure, d\/J = 0. The symmetry of C also implies (15. 8p so that V is symplectic. 
Finally fl513D and fl5T7D imply that V is fiat. 

In special coordinates the holomorphic 3-tensor C is simply given by Cijk = 4 a?fifefc ■ 

5.1.2 Local Special Geometry 

We have recalled that to a rigid special Kahler manifold of dimension n there is canon- 
ically associated a holomorphic n dimensional fiat symplectic vector bundle. On the 
other hand, to a projective (or local) special Kahler manifold M, of dimension n' there 
is canonically associated a holomorphic n = n' + 1 dimensional fiat symplectic vector 
bundle. The increase by one unit of the rank of the vector bundle with respect to the 
dimension of the manifold is due to the graviton multiplet. The mathematical descrip- 
tion involves the n = n' + 1 dimensional manifold L, total space of a line bundle over 
M. 

Kahler-Hodge manifolds and their associated principal bundles M ^ M 

Consider a Kahler-Hodge manifold, i.e. a triple {M,L,K), where M is Kahler with 
integral Kahler form K, so that it defines a class [K] G H'^{M, Z), and 

L^ M 

is a holomorphic hermitian line bundle with first Chern class equal to [K], and with 
curvature equal to —27riK (recall that on a hermitian holomorphic vector bundle there 
is a unique connection compatible with the hermitian holomorphic structure). 
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Consider the complex manifold M, that is L without the zero section of L — ^ M. The 
manifold M is a principal bundle over M, with structure group C^ (complex numbers 
minus the zero); the action of C^ on M is holomorphic. The hermitian connection 
canonically associated to L -^ M induces a connection on M so that in TM we have 
the subspaces of horizontal and vertical tangent vectors. 

Another property of the manifold M is that it has a canonical hermitian line bundle 
7r*L — > M; it is the pullback to M of L — i> M , so that the fiber on the point m G M is 
just the fiber of L on the point m = 7r(m) G M, 

7i*L > L 

(5.19) 

M -^-^ M 

Explicitly 7r*L = {(m, £) ; 7r(£) = 7r(m)}. The line bundle 7r*L is trivial indeed we have 
the globally defined nonzero holomorphic section 

VL : M ^ TT*L 
ffi f— > (m, fh) 
(m, A) H-. (m, A, A) . (5.20) 

In the last line we used a local trivialization of M — ;► M (and henceforth of L — > M) 
given by a local section s, say m = Xs{m) ~ {m, A). This induces a local trivialization 
s = TT*s of the line bundle 7r*L -^ M. Explicitly s associates to m the point s{m) of 
L, so that a generic element i = as{m) G L is described by the triple {m, A, a), and in 
particular 

fi(m) = n{Xs{m)) = As(m) ~ (m, A, A) . (5.21) 

It can be shown that M is a pseudo-Kahler manifold (i.e. a Kahler manifold where 
the metric has pseudo-Riemannian signature). The Kahler form is 

K = ^dd\nW (5.22) 

where \Q\'^ is the evaluation on Q of the hermitian structure of tt*{L) (this latter is 
trivially inherited from the hermitian structure of L). With respect to the correspond- 
ing Kahler metric, horizontal and vertical vectors are orthogonal, moreover the Kahler 
metric is negative definite alon g v ertical vectors, and positive definite along horizontal 
vectors, where K\^^^ = \^\'^ti*K\^ Thus {M,K) has Lorentzian signature. 



^^Hint: in the coordinates (z', A), associated to the local trivialization m — As(m) ~ {m, A) induced 
by a section s of L, we have \n,\^ = AA|sp. Moreover horizontal vectors read u = u^di — u^aiX-^ 
where the local connection l-form on M is a = a^dz* = \s\~ d\s\'^. The pseudo-Kahler form reads 

9,-1 



-2TTiK = XXdidj\s\'^dz' A dz^ + \s\'^dX AdX + Xd,\s\'^dz' AdX + Xdj 
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Concerning the puUback 'k*K on M of the Kahler form K on M ; while K is in 
general only closed, ti*K is exact, 

T^*K = — Mog|fi|2 . (5.23) 

27r 

This last formula easily follows by pulling back the usual local curvature formula for 
the hermitian connection K = ^99 log |sp and by observing that '7r*log|sp = log|sp = 
log|r2p — logA — logA. 

In conclusion, one can canonically associate to a Kahler -Hodge manifold {M,L,K) 
a pseudo-Kahler manifold (M , K) that carries a free and holomorphic C^ action, and a 
line bundle 7t*L — > M that has a canonical global holomorphic section Q. 

The bundle L can be naturally identified as the holomorphic subbundle of TM given 
by the vertical vectors of M with respect to the holomorphic C^ action. The global 
holomorphic section Q corresponds to the vertical vector field that gives the infinitesimal 
C^ action. Under this identification we have 

K{Q,Q) = - — \Q\'^ . (5.24) 

This equation shows that under the identification TM|^ert — L the corresponding her- 
mitian structures are mapped one into minus the other. 

Special Kahler manifolds 

Following [49], (M, L, K) is special Kahler if (M, K) is rigid special Kahler and if Vt is 
compatible with the symplectic connection V. 

A (projective or local) special Kahler manifold is a Kahler -Hodge manifold 
(M, L, K) such that the associated pseudo-Kahler manifold (M , K) has a rigid special 
pseudo-Kahler structure V which satisfies 

Vfi = 7r(^'°) . (5.25) 

Notice that (15.251) is equivalent to the condition VyVt = u for any u G T'^^'^^M. 
As shown in [50], since V is torsionfree and flat, then condition (I5.25P implies the C^ 
invariance of V, i.e. dRb(Vuv) = VdR^udRbV where Rb denotes the action of 6 G C^. 
Notice also that equation (15.251) is the global version of eq. (15.41) . 

For ease of notation in the following we denote the fiat torsionfree symplectic con- 
nection V on M simply by V. 



We now construct a fiat symplectic 2n = 2n' + 2 dimensional bundle Ti on M that 
is frequently used in the literature in order to characterize projective special Kahler 
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manifolds. We introduce a new C^ action on TM. On M it is the usual one Rbm = 
fhb = bm, where b G C^, while on vectors we have 

Vrh '-^ b'^dRbVfh ■ (5.26) 

/^From now on by C^ action we understand the new above defined one. Thus for example 
since b~^dRbQm = b~^Qrhb, then Q is not invariant under (15.261) . On the other hand the 
local section (vertical vector field) s, obtained from a local section s of L, satisfies 
b~^dRhSfh = Sbm (or 6~^i?b^,s = s) and is therefore C^ invariant. A C^ invariant frame 
associated with local coordinates z^ of M and with the local section s of L is (A~^^, ^); 
it is given by the coordinates (X*, X°) = (Az*, A), they are C^ invariant {b~^Ri,*X = X) 
and therefore are homogeneous (projective) coordinates of M. 

We define the 2n = 2n' + 2 dimensional real vector bundle on M (diniRM = 2n'), 

n^M (5.27) 

by identifying its local sections with the C^ invariant sections of TM. In other words Ti 
is the quotient of TM via the C^ action (I5.26p . A point {m, /i) G 7i is the equivalence 
class [{m,Vrh)] where (m, f^) ~ {m',Um') if rn' = mb and b'^dR^Vm = Ujn'- Under 
this quotient 7c*L C TM becomes L, while the subbundle TM\hor of horizontal vectors 
becomes L ® TMo Therefore we have two natural inclusions 

Lcn and L O TM C H . (5.28) 

Since the C^ action is holomorphic, then 7i is a holomorphic vector bundle on M of 
rank n' + 1. Since K is a C^ invariant 2-form the symplectic structure of TM goes 
to the quotient H: indeed K{u,v) is a homogeneous function on M if m and v are C^ 
invariant vector fields of TM. Similarly also the fiat symplectic connection V induces 
a fiat symplectic connection on 7i (see for example [50]). The inclusion L d Ti implies 
that 

L-^®H^M (5.29) 

has a nonvanishing global holomorphic section. 

In the following we work in TM, but we choose C^ invariant tensors and therefore 
our results immediately apply to the bundle Ti. Let's consider a C^ invariant fiat local 
symplectic framing of TM, that we denote by {e^} = {ca, f^}, ^ = 1, . . . 2n, A = 1, . . . n. 
The framing is fiat because Vca = 0, Vf^ = 0, and it is symplectic because in this 



^^Hint: denote by tVrt|m the horizontal lift in T^M of the vector Vm G T^M. Then the map 
L®TM ^ (I'M Uor) /ex action defined by [l^ ® «„) >-> [(C i^;;;^™)] if ^m 7^ 0, and by ^^ is weh 
defined, linear and injective. 
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basis the symplectic matrix is in canonical form: the components K{e\,eY;), K{e\,f^), 
i^(f^,es), K(f^,f^) read 

With respect to the {eA,f^} frame, the global section Q has local components Q = 
fi^e^ = X^e\ + F\f^. We also denote by Q this column vector of coefficients, 

n = m = (^^/^^ . (5.31) 

The local functions X^, Fa on M are holomorphic, indeed fl5.25p implies that Vfi is a 
(1, 0)-form valued in TM, since V(fi^e^) = dn^ e^ = dn^ e^ + Bn^ e^, we obtain Bn^ = 0. 
In conclusion (X^, Fa) are local components of the global symplectic section Q of the 
tangent bundle TM. 

Each entry X^, Fa is also a local holomorphic section of the line bundle L^^ -^ M. 
Indeed from the transformation properties of Q under the C^ action rh \—>- R^-f(m) (m) = 
g-/{m)j^ (or under a change of local trivialization s'{m) = e-^*^™-'s(r7i)) we have 

^^^' e-f^^^^f^J") , (5.32) 



F 



A 



therefore for each invertible Q^ we have that ^2^ {s)s is a section of L — i> M or equiva- 
lently each X^ and each Fa are the coefficients of sections of L~^ — ^ M. 

In conclusion (X^, Fa) are local components of the global symplectic section fl of the 
tangent bundle TM. Each entry is also a local holomorphic section of the line bundle 
L"^ —>■ M. Under change of local trivialization of TM we have 

where S = [bd) i^ ^ constant symplectic matrix. We can also consider a change of 
coordinates on M, say z — > z'. Provided we keep fixed the frame of TM and the 
trivalization of L we then have that X^ and Fa behave like local functions on M , 

X^{z) = X'^{z'), Fk{z) = F^{z') (here X^{z) = X^{s{z)) etc.). 

It can be shown [50] that from the set of 2n elements {X^, F\} one can always choose 
a subset of n elements that form a local coordinate system on M. Contrary to the Kahler 
case (where the metric is Riemanninan) in this pseudo-Kahler case in general neither 
{X"^} nor {Fa} are coordinates systems on M. The frame {sa, f^} is determined up to a 
symplectic transformation, if using this freedom we have that the {X^} are coordinates 
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functions then the {X^} are named special coordinates. The sections Fa can then be 
seen as functions of the X^ and are obtained via a prepotential ^, 

P^ = §K- (5.34) 

Recalhng (E!^ and <^^IM we have 

'K*K = ^dd\ogi{n,Il) (5.35) 

ZTT 

and for the corresponding "Kahler " potential /C we havc£l 

/C = -logi{n,n) ; (5.36) 

in these formulae we used the standard notation 

(fi,n) = k{n,vi) . 

Using the components (X^, Fa) expression (15.361) reads 

/C = -log[^{X,F) (i "o^) (f ) ] = -log[^(FAX^-X^FA)] ■ (5.37) 

By considering local sections of the bundle M — ^ M, we can then pull back the potential 
/C to local Kahler potentials on M. 

Under the action of e"^^"^^ G C^ on M (or equivalently under change of trivialization 
of M -> M) we have 

/C' = /C + / + / (5.38) 

thus showing that e~^ defines a global nonvanishing section of the bundle L ^ L ^ M, 
in particular this bundle is trivial. Explicitly this global section is e'^*-'^-*[s, s] where s is 
any local section of M — ;> M and [s, s] = {{sX, \~^s), A G C^ } is the corresponding local 
section oi L®L. 



Symplectic Sections and Matrices from local coordinates frames on M 

Let's examine few more properties of special Kahler manifolds and introduce those 
symplectic vectors that we have seen characterizing the geometry of the supergravity 
scalar fields. Consider a vector u G Tm M, this can be lifted to a horizontal vector 
u ^ T^' M. Because of (15.251) the covariant derivative VuVl is again a vector in T^ ' M, 
then 

(fi,Vfifi) = , (n,Vfifi) = ; (5.39) 



^^As usual when K is integral K = -^gijdz'^ A dz^ — -^didjlCdz^ A dz^ = -^ddJC. 
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the first relation holds because i^ = ( , ) is a (1, l)-form, the second relation holds 
because horizontal and vertical vectors are orthogonal under K (recall paragraph after 

(E22D). 

Subordinate to a holomorphic coordinate system {2*} of M, and a local section s of 
L ^ M we have the local coordinates (z*, A) on M. The corresponding vector fields are 
(di,^). A more natural frame on M is given by considering the vertical vector field 
associated to the action of C^ on M, 

do = n = X^, (5.40) 

and the horizontal lift di of the vector fields di on M 

d, = d,- \s\-%\s\^X— = d, + 9,0— . (5.41) 

oX oX 

In (15.411) . |sp = h{s,s) is the hermitian form oi L -^ M. All these vector fields have 
degree 1 and are independent from the section s oi L ^ M. 
We define 

V. = Vg^ . (5.42) 

The new sections Vjfi are exactly the horizontal vector fields di, indeed from (15.251) we 
obtain 

Vifi = di , Vofi = do = n . (5.43) 

Similarly 

V,n = , Vofi = . (5.44) 

Recalling (I5.39P we obtain 

{n,v^n) = (5.45) 

(Vifi, Vjfi) = (5.46) 

(O,Vin)=0. (5.47) 

Notice also that {Q, Cl) is invariant under horizontal vector fields, 

di{n, Ct) = Vi{n, n) = (v^fi, n) + {n, ViCt) = o (5.48) 

where in the last passage we used (I5.39P and (15.441) . Similarly Vj(r2, Q) = 0. 

The metric associated to the Kahler form (I5.22p on M is block diagonal in the do, di 
basis, (see paragraph following (I5.22p ). 



^00 \ ^ (-xx\s\' \ ^ r-\n\' 

gijj \ XX\s\'^gijOTT J \ \Q\'^ gijon 



2.. _ )-l n ini2.. _ ) • (5.49) 
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Because of (15.481) the associated Levi-Civita connection coefficients of M in the di basis 
of horizontal vectors coincide with those of M in the ^ basis, 

f!, = i'dfgfk = g~'%gf, = V',^ . (5.50) 

In terms of the symplectic frame {e^} = {eA,f^}, that is flat, we have Vf2 = 
Vin^e^) = d{n^)ei:, and V^fi = di{n^)e^ = 00 + dilCVt^, i.e.. 

Recalling the interpretation of X^ or Fa as coefficients of local sections of L^^ -^ M, 
we read in equation fl5.5ip the covariant derivative of L~^ -^ M. 

It is also convenient to normalize Q and thus consider the (non holomorphic) non- 
vanishing global vector field on M given by 

V = e'^/^f] . (5.52) 

/^From (I5.48P the covariant derivatives of V are 

ViV = e'^/^y.^ ^ v_y = e'^/^V.n = , 
V,V = e'^/^Vifi , ViV = e^/'^WiVl = . 
Explicitly we havqlj 

ViV={diV^ + ^dilCV^)e^ , V,V = (av« - ^a/C r«) ej = (5.53) 

V,V = {d,V^ + ^d,)CV^)e^ , ViV=idiV^-^d,ICV^)e^ = 0. (5.54) 

Each coefficient V^ of V with respect to the C^ invariant basis e^ is also a coefficient of a 
local section of the bundle L~^/^ (8)L^/^ — >■ M. This bundle has connection ^(9j/C — ^d^JC. 
Equation (15.531) can be interpreted as the covariant derivative of these line bundle local 
sections. 

From (E36]), and (I535])-(I53Z!) we have 



14 



we find also instructive to obtain the covariant derivative of tlie section V via this straighforward 
calculation that uses A^/C = —1, 
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(V,V) = -z , (5.55) 

(V,V.V) = , (5.56) 

(V,V,V,V) = , (5.57) 

(V,V,V) = . (5.58) 

iFTom JKm . or also from [Vj, V,] = -djd^lC = -g^ and (V.VjV, V) + (V^V, V,V) = 0, 
we have 

(V,V,V,V)=^^,, , (5.59) 

(where g^ = djdiJC = —2'n-i tt* Kjj is actually gjiOir, the pull back via tt of the positive 
definite metric on M). If we consider an orthonormal frame {ej}, (/ = 1, . . . ra') on M, 

ej = e\dj , dj = eje/ , gjj = ej e/ Sjj , (5.60) 

we lift this frame to a frame of horizontal vectors of T^^'^^^M, and if we set 

Vm = (V,VjV) , M = 0,l,...n', (5.61) 

(where Vj = 4^0, then relations fl^3UD . dSSZD, (I5IS5D, (l^3U|) read 

(Va/, Vjv) = , (Vm, Vjv) = ^5A/7V • (5.62) 

The index M mixes holomorphic and antiholomorphic indices in order to compensate 
for the Lorentian signature of the metric {~o^ g.-) in (I5.55p . (15.591) . 

Explicitly the column vectors of the components of the sections Vm = ^m^€ ^^^ 

and they can be organized in a 2n x n matrix 

(n,)^(^.V,-^^)^(^;|;^;)^(/^)^({). ,5.64) 

In the last passage we have denoted by / (respectively h) the n x n matrix of entries 
f\,j (respectively /iaa/). 

The N = 2 special geometry relations (15.621) are equivalent to 

(/^/^^)(J"Q^VQ =^1 ^■e. -fh + h^f = tl (5.65) 
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and 



if\h')(^l 0^)(i)=0 ^•"- -fh + h'f = (5.66) 

These two relations are equivalent to require the real matrix 

to be symplectic. Vice versa any symplectic matrix [cd] leads to relations (15.651) . (15.661) 
by defining {{) = ^ {cZw) ■ The matrix 

''-(ii)-(cfl)-4- (5-««) 

where A = ■:7^{-ita)^ rotates the fiat real symplectic frame {e^} = {e^,fA} in the 
frame {Vm, Vm} that up to a rotation by A~^ = A'' is also real and symplectic (but 
not fiat). This {Vai,Vm} frame comes from a local coordinate frame on M, indeed 
^M = (e'^/^n, e'^/^ejSj). The symplectic connection 1-form in this frame is simply 
r = V~^dV, indeed Ve^ = is equivalent to 

dV = VT . (5.69) 

We can write F = ( _ _ | , and see this equation as a condition on the Levi-Civita 

yvuj 

connection u and the tensor V of M. The block decomposition ( p ^ ) follows by recalling 
that M is in particular a rigid special Kahler manifold. The difference Pk = V — D 
between the fiat symplectic connection and the Levi-Civita connection is given by the 
holomorphic symmetric three form C (c.f. (15. lip ) 

c = -{vn,vvn). (5.70) 

The properties of C previously discussed in the rigid case apply also to this projective 
special geometry case. 

5.2 The N = 2 theory 

/^From the previous section we see that the N = 2 supergravity theories and the higher 
A^ theories have a similar fiat symplectic structure. The formalism is the same, indeed 
since the antisymmetric of the U{2) authomorphism group of the N = 2 supersymmetry 
algebra is a singlet we have 

f AB = f o'^AB , h\AB = h/^oeAB (5-71) 
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where /^, /iao are the components of the global section V, therefore from fl5.64p we have 
as in Km . 



J — \J Ml — \J ABi J l) 1 

h = (/iAAf) = {hAAB,hf^i) , (5.72) 

/A_ \ .. . . //A 



'A/ 



as it should be, the sections [r '_) have Kahler weight opposite to the I , /-^ I sections. 



The difference between the N = 2 cases and the N > 2 cases is that the scalar 
manifold M of the N = 2 case is not in general a coset manifold. The flat symplectic 
bundle is therefore not in general a trivial bundle. The gauge kinetic term A/as = 
^AAf/~^ s depends on the choice of the fiat symplectic frame {e^} = {eA,^^}. This 
latter can be defined only locally on M (and therefore on M). In another region we 
have a different frame {e'^} = {e'A, f } and therefore a different gauge kinetic term A/'a^- 
In the common overlapping region the two formulations should give the same theory, 
this is indeed the case because the corresponding equations of motion are related by a 
duality rotation. As a consequence the notion of electric or magnetic charge depends 
on the fiat frame chosen. In this sense the notion of electric and magnetic charge is not 
a fundamental one. The symplectic group is a gauge group (where just constant gauge 
transformations are allowed) and only gauge invariant quantities are physical. 

A related aspect of the comparison between the N = 2 and the N > 2 theories is 
that the special Kahler structure determines the presence of a new geometric quantity, 
the holomorphic cubic form C, which physically corresponds to the anomalous magnetic 
moments of the N = 2 theory. When the special Kahler manifold M is itself a coset 
manifold [78], then the anomalous magnetic moments Cijk are expressible in terms of 
the vielbein of G/H, this is for example the case of the N = 2 theories with scalar 
manifold G/H = ^ x ^j§^ and G/H = ^^ [78]. 

To complete the analogy between the N = 2 theory with n' vector multiplets and 
the higher A^ theories in D = A, we also give the supersymmetry transformation laws, 
the central and matter charges, the differential relations among them and the formula 
for the potential i^n- 

The supercovariant electric field strength F^ is 

The transformation laws for the chiral gravitino ipA and gaugino A*"^ fields are: 

S^A^ = V^ eA + eAsT^uYe'' + • • • , (5.74) 

5A^^ = td.z^re^ + '-%,Y''g'h^''tB + ■ ■ • , (5.75) 
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where: 

T = /iaF^-/^G'a, (5.76) 

% = Tje', , with Tj = hj.jF'' - fjG^ , (5.77) 

are respectively the graviphoton and the matter vectors. In fl5.74j) . fl5.75j) the position of 
the SU{2) automorphism index A {A, B = 1,2) is related to chirality, namely {ipA, ^''^) 
are chiral, {il^^, A^) antichiral. 

In order to define the symplectic invariant charges let us recall the definition of the 
magnetic and electric charges (the moduli independent charges) in (14.101) . The central 
charges and the matter charges are then defined as the integrals over a sphere at spatial 
infinity of the dressed graviphoton and matter vectors (I4.2ip . they are given in (14.231) . 

(Zm) = {Z, Zj) = tVi^^'Q (5.78) 

where 0oo is the value of the scalar fields at spatial infinity. Because of (15.611) we get 
immediately: 

ViZ = Zi. (5.79) 

This relation can also be written VjZ^b = ZjeAB, and considering the vielbein 1- 
form V^ dual to the frame ej introduced in (I5.60p and setting V = V^V i we obtain 
VZab = Z{P eAB ■ 

The positive definite quadratic invariant '^j^ in terms of the charges Z and Z/ reads 

%H = \ZZ + ZiZ' = -Iq^M{U)Q . (5.80) 

Equation (15.801) is obtained by using exactly the same procedure as in fl4.27p . Invariance 
of 'Vbh implies that it is a well defined positive function on M. 

6 Duality rotations in Noncommutative Spacetime 

Field theories on noncommutative spaces have received renewed interest since their 
relevance in describing Dp-branes effective actions (see [79] and references therein). 
Noncommutativity in this context is due to a nonvanishing NS background two form 
on the Dp-brane. First space-like (magnetic) backgrounds (S'-' ^ 0) were considered, 
then NCYM theories also with time noncommutativity (5°* 7^ 0) have been studied 
[82]. The NCYM theories that can be obtained from open strings in the decoupling 
limit a' ^ are those with B space-like or light-like (e.g. Bqi = —Bu), these were 
also considered the only theories without unitatrity problems [83] , however by applying 
a proper perturbative setup it was shown that also time-space noncommutative field 
theories can be unitary [84]. 
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Following [79], gauge theory on a Dp-brane with constant two- form B can be de- 
scribed via a commutative Lagrangian and field strength C{F + B) or via a noncommu- 
tative one C{F), where F^j, = d^A^, — Sj^A^ — i[A^ -^A^y]. Here -k is the star product, on 
coordinates [x'^ -kx'^] = x^ -kx^ — x^ -kx^ = iQ^^ , where depends on B and the metric 
on the Dp-brane. The commutative and the noncommutative descriptions are comple- 
mentary and are related by Seiberg-Witten map (SW map) [79], [80,81]. In the a' — > 
limit [79] the exact effective electromagnetic theory on a Dp-brane is noncommutative 
electromagnetism (NCEM), this is equivalent, via SW map, to a nonlinear commutative 
f/(l) gauge theory. 

In this section we consider a D3-brane action in the slowly varying field approxi- 
mation, we give an explicit expression of this nonlinear f/(l) theory and we show that 
it is self-dual when B (or 0) is light-like. Via SW map solutions of f/(l) nonlinear 
electromagnetism are mapped into solutions of NCEM, so that duality rotations are 
also a symmetry of NCEM, i.e., NCEM is self-dual [85], [52]. When is space-like we 
do not have self-duality and the S-dual of space-like NCYM is a noncommutative open 
string theory decoupled from closed strings [87]. Related work appeared in [88-90]. We 
mention that self-duality of NCEM was initially studied in [86] to first order in 0. On 
one hand it is per se interesting to provide new examples of self-dual nonlinear elec- 
tromagnetism, as the one we give with the lagrangian (16.121) . On the other hand this 
lagrangian is via Seiberg-Witten map, and for slowly varying fields, just NCEM. For- 
mally NCEM resembles U{N) YM on commutative space, and on tori with rational 
the two theories are T-dual [91]. Self-duality of NCEM then hints to a possible duality 
symmetry property of the equations of motion of U{N) YM. 

Self-Duality of the D3-brane action 

Consider the D3-brane effective action in a IIB supergravity background with constant 
axion, dilaton NS and RR two-forms. The background two-forms can be gauged away 
in the bulk and we are left with the field strength J-' = F + B on the D3-brane. Here B 
is defined as the constant part of J-", or B = J?-" | spatial oo since F vanish at spatial infinity. 
For slowly varying fields the Lagrangian, in Einstein frame is essentially the Born-Infeld 
action with axion and dilaton. We set for simplicity A/" = — il and Qs = 1, where gs 
is the string coupling constant. The lagrangian is then C = ^^y—det{g + a'T\ The 
explicit expression of Q^ is obtained from the definition Q := ^ and is (cf. (12.381) ) 



/2 



fiu ' 4 -' -' '' fiu 



(6.1) 



'l + ^J^2_^(jrjr*)2 

Here JF*^ = y^e^j^po-jF'"^, cf. footnote 2, Section 2.1. One can then consider a duality 
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rotation by an angle 7 and extract how B (the constant part of JF) transforms 



/2 



B' ^y = C0S7 B^y - sin7 , ^^ = . (6.2) 

'1 + ^£2 _ ^{BB*y 



Open/closed strings and light-like noncommutativity 

The open and closed string parameters are related by (see [79], the expressions for G 
and first appeared in [92]) 



g + a'B 

g~^ = (G-i - Q/a') G (G^i + Q/a') = G'' - a'^^Q G 

a'B = -{G-^ - Q/a') Q/a' (G^^ + Q/a') 



detG 



det(^ + a'5) 



^,V^detG~der(G^^T07^ = ^s^det^-i det (^ + a'E) 



The decoupling limit a' ^ with G^, G, nonzero and finite [79] leads to a well defined 
field theory only if B is space-like or light-like. Looking at the closed and open string 
coupling constants it is easy to see why one needs this space-like or light-like condition on 
B in performing this limit. Consider the coupling constants ratio Gs/Qs, that expanding 
the 4x4 determinant reads (here B"^ = B^yBp^g'^fg"'', 0^ = 0^''0^'^G^pG,,^ and so on) 



G / a'-2 a'~^ / a'^ a'* 

-^ = y 1 + ^-02 - -j^iQQ*)^ = ^1 + —B^ - j^iBB*)^ . (6.3) 

Both Gs and gs must be positive; since G and are by definition finite for a' —^ this 
implies 00* = and 0^ > 0. Now 00* = ^ det = ^ det 5 = ^ BB* = 0. 
In this case from (16.31) we also have 0^ = a' B^. In conclusion in order for the a' ^ 
limit defined by keeping G^, G, nonzero and finite [79], to be well defined we need 

B^ >0 , BB* = i.e. 0^ > , 00* = (6.4) 

This is the condition for B (and 0) to be space-like or light-like. Indeed with Minkowski 
metric and in three vector notation (16. 4p reads B^ — E"^ > and E J. B. 

If we now require the a' ^ limit to be compatible with duality rotations, we 
immediately see that we have to consider only the light-like case B^ = BB* = 0. Indeed 
under f/(l) rotations the electric and magnetic fields mix up, in particular under a 7r/2 
rotation (16.21) a space-like B becomes time-like. 
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In the light-like case det{g + a'B) = det(5'), relations (16.31) simplify considerably. 
The open and closed string coupling constants coincide, since we set f^^ = 1 we have 
Gs = gs = 1, this also implies det(G) = det(5') so that the hodge dual field F* with the 
g metric equals the one with the G metric. Use of the relations 






n* o*'- - fi^pfi"^ = -n' V ' ^/^p^*"' = ^%p^'' = -r^^* V (6-5) 



valid for any antisjTiimetric tensor Q, shows that any two-tensor at least cubic in (or 
B) vanishes. It follows that g~^GQ = and that the raising or lowering of the and 
B indices is independent from the metric used. We also have 

B^i, = -a'~ Q^y . (6.6) 

Self-duality of NCBI and NCEM 

We now study duality rotations for noncommutative Born-Infeld (NCBI) theory and its 
zero slope limit that is NCEM. The relation between the NCBI and the BI Lagrangians 
is [79] 

Cbi{F, G, 0, G,) = Cbi{F + B,g) + 0{dF) + tot.der. (6.7) 

where 0{dF) stands for higher order derivative corrections, F is the noncommutative 
[/(I) field strength and we have set gs = I- The NCBI Lagrangian is 



CbAF, G, 0, G,) = -27^ V-det(G + a'F) + 0{dF) . (6.8) 

In the slowly varying field approximation the action of duality rotations on Cbi is derived 
from self-duality of Cbi- If -F is a solution of the C^y ' EOM then F' obtained via 

f; SW map _ duality rot. , SW map f^, 
r < > J- < > J- < >■ r 

is a solution of the L^\ ' EOM where G'^, G', 0' are obtained using (16. 3p from g' ^ B' 
and g'^ = gs = 1. 

In the light-like case we have Gs = gs = 1, the B rotation (16.21) simplifies to 

B'^u = COS7 B^^ - sin7 B*^^ . (6.9) 

Using (16.91) the U{1) duality action on the open string variables is 

G' = G , Q'^"' = COS7 Q^"" - sin7 0*'^'^ . (6.10) 

For light-like, solutions F of i2^'® are mapped into solutions F' of £^'® . Thus we can 
map solutions of C^'® into solutions of i2^'®, therefore the theory described by £^'® has 
f/(l) duality rotation symmetry. 
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In order to show self-duality of NCEM we consider the zero slope limit of (16.71) and 
verify that the resulting lagrangian on the r.h.s. of (16.71) is self-dual. We rewrite Cbi in 
terms of the open string parameters G, 



a'^^ ^^ ' a'2 Y det(^ + a'5) 



= ^2 V -det(G + a'F + GGF) . (6.11) 

The determinant in the last line can be evaluated as sum of products of traces (Newton- 
Leverrier formula). Each trace can then be rewritten in terms of the six basic Lorentz 
invariants F^, FF\ FQ, FQ*, 0^ = 00* = 0, explicitly 

detG-i det(G + a'F + GQF) = (1 - i0F)2 + a'^l^F^ + ^QF* FF*] - a'\\FF*f 

Finally we take the a' — > limit of (16. Ill) , by dropping the infinite constant and total 
derivatives the resulting Lagrangian is vG times 

4 8 - . (6.12) 



1 - i0F 

We thus have an expression for NCEM in terms of F, and G (of course Q^y can be 
taken 77^^), £em = v^-^em, 

Lem = —,FF = ^ ^ « ^ + 0{dF) + tot. der. (6.13) 

4 i - ^Wi^ 

The Lagrangian ( I6.12p satisfies the self-duality condition ( I3.20p with ys = 0, k = 0, 
a = d = 0, c = — 6 and therefore NCEM is self-dual under the f/(l) duality rotations 
(I6.10p and F' = C0S7-F — sin7G'. The change in ^ 0', that is not a dynamical field, 
can be cancelled by a rotation in space so that therefore we can map solution of the 
EOM of dniSD into solutions of the EOM of (KT^ with the same value of 0. 

This duality can be enhanced to 5*^(2, M) by considering also axion and dilaton fields; 
also Higgs fields can be coupled, the coupling is minimal in the noncommutative theory. 
Using this duality one can relate space-noncommutative magnetic monopoles with a 
string (Dl-string D3-brane configuration) to space-noncommutative electric monopoles 
(possibly an F-string ending on a D3-brane) [52,53]. 
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7 Appendix: Symplectic group and transformations 

7.1 Symplectic group {A, B,C,D and f,h and V matrices) 

The symplectic group Sp{2n, M) is the group of real 2n x 2n matrices that satisfy 

Setting S = {bd) ^^ explicitly have 

A^C - C^A = , B^D - D^B = , A^D - C^B = 1 . (7.2) 

Since the transpose of a symplectic matrix is again symplectic we equivalently have 

AB^ - BA^ = , CD* - DC* = , AD^ - BC^ = 1 . (7.3) 

In particular A'^C, B''D,CA-^, BD'^, A'^B, D'^C, AB\ DC'' are symmetric matrices 
(in case they exist). 

If D is invertible we have the factorization 

A B\ fl BD-^\ f D'^^ \ / 1 



C D)-\Q 1 jy Dj \D-'C 1 I ^^-^^ 

where A = D*'^ + BD'^C follows from BD'^ = D^'^BK 
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The complex basis 

It is often convenient to consider the complex basis 4s (^1^^) I'^-ther than (^). The 
transition from the real to the complex basis is given by the symplectic and unitary 
matrix A~^, where 

^^7l(-'ia) • ^"'^•''- •'■=' 

A symplectic matrix S, belonging to the fundamental representation of Sp{2n,M.), in 
the complex basis reads 

U = A-^SA . (7.6) 

There is a 1-1 correspondence between matrices U as in (17.61) and complex 2n x 2n 
matrices belonging to U{n, n) fl Sp{2n, C), 

Equations (17. 7p define a representation of Sp{2n, M) on the complex vector space C^". 
It is the direct sum of the representations (^) and (J^) , these are real representations of 

real dimension 2n. (The representation (^^^ is the vector space of all linear combinations, 

with coefficients in M, of vectors of the kind (t)). 

The maximal compact subgroup of U{n,n) is U{n) x f/(n); because of the second 
relation in (17. 7p the maximal compact subgroup of Sp{2n,M.) is U{n). The usual em- 
bedding of U{n) into the complex and the fundamental representations of Sp{2n, M) are 
respectively 



uj ' \ ImM Rew 
where u belongs to the fundamental of U{n). 

The / and h matrices 

The / and h matrices are n x n complex matrices that satisfy the two conditions 

(f^^h^)[l~o)[i)='^ ^.e. -ph + h^f = tl (7.9) 

and 



(f^h)[l [h =^ ^-e. -fh + h'f = (7.10) 

These two relations are equivalent to require the real matrix 
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to be in the fundamental representation of Sp{2n, M). Vice versa any symplectic matrix 
(^g) leads to relations I^M), (mUj) by defining 



h) V2\C-iD 



(7.12) 



In terms of the / and h matrices we have 



— (c^)-7i(;-::;-3- 



The V matrix and its symplectic vectors 

The matrix 

transforms from the left via the fundamental representation of Sp{2n, M) and from the 
right via the complex representation of Sp{2n,'R). Since ^ is a symplectic matrix we 
have that V^ is a symplectic matrix, V^*(i~o^)V^ = (i~o^) , hence also its transpose V^, 
^(i~o^)^* = (i~o^) • The columns of the V matrix are therefore mutually symplectic 
vectors; also the rows are mutually symplectic vectors. Explicitly if V^ is the vector 
with components given by the ^-th row of V, then V^Q.^'^V''^ = Q^^, where Q = (i o^)- 

7.2 The coset space Sp{2n,M.)/U{n) {A4 and J\f matrices) 

All positive definite symmetric and symplectic matrices S are of the form 

S = 9g' , geSp{2n,R). (7.15) 

Indeed consider the factorization 07.41) (since S is positive definite also its restriction to 
an n dimensional subspace is positive definite, therefore D is invertible). The factoriza- 
tion (I7.15P is obtained for example by considering the symplectic matrix 



1 A Vz^ ' ' ^^-''^ 



where the matrix yD is the unique positive definite square root of the symmetric and 
positive definite matrix D. (Notice that the same proof shows that any symmetric and 
symplectic matrix (;^t^) with invertible and positive definite matrix D is of the form 
gg^ and therefore is positive definite). 
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We can now show that the coset space Sp{2n, R)/U{n) is the space of all positive def- 
inite symmetric and symplectic matrices. The maximal compact subgroup of Sp{2n, M) 
is H := {g & Sp{2n, R);gg^ = 1}, and we have seen in ( 17. 8p that it is U{n). 

We then denote by gH the elements of Sp{2n,W)/U{n), where H = U{n), and 
consider the map 

a : -4 — -^ {'S & Sp(2n,M.);S = 5* and S positive definite} 

U{n) 

gH ^ gg' (7.17) 

This map is well defined because it does not depend on the representative g G Sp{2n, M) 
of the equivalence class gH. Formula f l7.15p shows that this map is surjective. Injectivity 
is also easily proven: ii gg*^ = g'g'* then g'^^g{g'~^gy = 1, so that u = g'~^g is an element 
of Sp{2n, M) that satisfies mm* = 1. Therefore u = g'~^g belongs to the maximal compact 
subgroup H = U{n), hence g and g' belong to the same coset. 



The 7V1 and J\f matrices 

Notice that the n x n matrices / = {f\)A^a=i,...n, are invertible. Indeed if the columns 
of / were linearly dependent, say f^ip"" = 0, i.e. fip = 0, with a nonzero vector ip, then 
sandwiching (17.91) between tp"^ and tp we would obtain 

-{f^|J)^h^p + ^|J^h^f^p = i^|J^^p^O (7.18) 

that is absurd. Similarly also the matrix h = {h\a) is invertible. We can then define the 
invertible n x n matrix 

M=hf-^ (7.19) 

that is symmetric (cf. (17.101) ) and that has negative definite imaginary part (cf. (17. 9p ) 

A/- = A/-* , lmAr=-^(Ar-A/-t) = -l(//t)-i, (7.20) 

(while M~^ has positive definite imaginary part M^^ — A/"^^ = i{hh'^)^^). Any sym- 
metric matrix with negative definite imaginary part is of the form (17.191) for some (/, h) 
satisfying (17. 9p and (17.100 (just consider any / that satisfyes (I7.20p ). There is also 
a 1-1- correspondence between symmetric complex matrices M with negative definite 
imaginary part and symmetric negative definite matrices M. of Sp{2n, M). Given A/" we 
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consider 



M{M) 



l -ReA/'\ /imAT \ / 1 
1 y) V luiM-^ ) \-ReM \ 

ImTV + ReTVlmA/'^iReA/' - ReA/'ImTV-^ 
-ImTV-iReA/" ImTVT-i 



— z 



-1 

1 

-1 

1 

-1 

1 



+ 



-2 



ATlmAT-Wt 

hh^ -hp\ 
-fh^ fP ) 






-2 Re 



/ 



-h 
f 



i-h^ P) 



i-h^ f) 



(7.21) 



Since symmetric negative definite matrices Ai of Sp{2n, M) parametrize tlie coset space 
Sp{2n,M.)/U{n), tlie matrices M too parametrize tliis coset space. 



Under symplectic rotations f l5.33p we liave 

7 



s 



h 



A B 
CD 



and 



AT ^ AT' = (C + DAf){A + BU)-^ . 
Tlie transformation of tlie imaginary part of M is (recall (17.201) ) 

ImAT ^ ImTV' = {A + BJ\fyhmJ\f{A + BM)'^ 

The transformation of the corresponding matrix TW (A/") is 

M{N) ^ M{N') = S''^ M{N) S-^ , 

this last relation easily follows from (I7.2ip and from (y^) = (i^o^) ((). 

The relation between the negative definite symmetric matrix TW defined in (I7.2ip 
and S defined in (I7.15P can be obtained from their transformation properties under 

^p(2n,M), 

-5-1 = 



(7.22) 
(7.23) 
(7.24) 

(7.25) 



We also have M. 



M = 

-V-W-^ 



-]1\ /O -1 

1 / I 1 



(7.26) 
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7.3 Lie algebra of Sp{2n, M) and U{n) {a, b, c, d matrices) 

If we write {bd) = (o i) + ^{cd) with e infinitesimal we obtain that the 2n x 2n matrix 

belongs to the Lie algebra of Sp{2n, M) if a, b, c, d are real n x n matrices that satisfy 
the relations 

a* = -d , 6* = 6 , c^ = c. (7.28) 

The Lie algebra of U{n) in this fundamental representation of Sp{2n, M) is given by the 

matrices 

/ a 6 

y—b a 

with b = b^, a = —a*. 

In the complex basis (17. 6p the Lie algebra of Sp{2n, M) is given by the 2n x 2n 

matrices 

a b 

b a 



(7.29) 



where a and b are complex n x n matrices that satisfy the relations 

at = -a , b* = b . (7.30) 

The Lie algebra of U{n) in this complex basis is given by the matrices I p, - I with 



at = —a. 



a 



8 Appendix: Unilateral Matrix Equations 

The remarkable symmetry property of the trace of the solution of the matrix equation 
03.1O2P holds for more general matrix equations. This trace property and the structure 
of the solution itself are studied in [18], and with a different method in [70]; see also [71] 
for a unified approach based on the generalized Bezout theorem, and [69] for convergence 
of perturbative solutions of matrix equations and a new form of the noncommutative 
Lagrange inversion formula. 

In this appendix we prove the symmetry property of the trace of certain solutions 
(and their powers) of unilateral matrix equations. These are N^^ order matrix equations 
for the variable X with matrix coefficients Ai which are all on one side, e.g. on the left 

X = Ao + AiX + A2X'^ + ... + AnX^. (8.1) 
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The matrices are all square and of arbitrary degree. We may equally consider the Aj's 
as generators of an associative algebra, and X an element of this algebra which satisfies 
the above equation. We consider the formal solution of (18. ip obtained as the limit of 
the sequence Xq = 0, X^+i = Aq + AiXk + A2XI + . . . + AjsiX^ . It is convenient to 
assign to every matrix a dimension d such that d{X) = —1. Using (18.11) . the dimension 
of the matrix Ai is given by d{Ai) = i — 1. 

First note that we can rewrite equation (18. ip as 



N N 



1-$^A. = l-X-^Afc(l-X^ 



j=0 fc=l 

The right hand side factorizes 

N N fc-1 



1-E^^ = (i-EE^^^"^)(i-^)- 



j=0 k=l m=0 



Under the trace we can use the fundamental property of the logarithm, even for non- 
commutative objects, and obtain 



N N fc-1 



Tr log(l -J2^^) = Tr log(l -Y.Y1 ^^^^^ + ^^ log(l - X) . 



1=0 fc=l m=0 



Using d{Ak) = k — 1 and d{X) = —1 we have dlAkX"^) = k — m — 1 and we see 
that all the words in the argument of the first logarithm on the right hand side have 
semi-positive dimension. Since all the words in the expansion of the second term have 
negative dimension we obtain 



Tr log(l - X) = Tr log(l - V A^) I . (8.2) 



j=0 



On the right hand side of (18. 2p one must expand the logarithm and restrict the sum to 
words of negative dimension. Since (i(X'") = — r by extracting the dimension d = —r 
terms from the right hand side of (18.20 we obtain 



Tr 0" = r Y^ ^-^-^ ^ Tr SiA^^'A^^ . . . A^^) . (8.3) 



x;(«-i)ai= 



The relevant point is that all the terms in the expansion of Tr log(l — X]j=o ^«) ^^^ auto- 
matically symmetrized, this explains the symmetrization operator S in the Aq^Ai, ...A^ 
matrix coefficients. 
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If the coefficient A^- is unity, we have the following identity for the symmetrization 
operators of iV + 1 and of A^ coefficients (words) 



idiV-l^ 



This is obviously true up to normalization; the normalization can be checked in the 
commutative case. 

The trace of the solution of f l3.102p can now be obtained from (18. 3 p by considering 

r = 1 and N = 2 and by setting A2 to unity. 
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